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Fullerenes are all-carbon molecules with polyhedral structures where each atom is

bonded with three other atoms and the faces of the polyhedron are pentagons and

hexagons. Fullerene graphs model the fullerene structures and are cubic planar graphs

having twelve pentagonal faces and the remaining faces are hexagonal. This work

explores two models that seek to determine the maximum number of bulky addends

that may bond to the surface of a fullerene.

The first model assumes that any two bulky addends are too large to bond to

adjacent carbon atoms. This is equivalent to finding a graph-theoretical maximum

independent set : a vertex subset of maximum size such that no two vertices are ad-

jacent. The problem of determining the maximum independent set order is NP-hard

for general cubic planar graphs and the complexity for the fullerene subclass was pre-

viously unknown. By extending the work of Graver, a graph-theoretical foundation

is laid then used to derive a linear-time algorithm for solving the maximum indepen-

dent set problem for fullerenes. A discussion of the relationship between maximum

independent sets and some specific families of fullerenes follows.

The second model refines the first by adding an additional requirement that the

resulting molecule is stable according to Hückel theory: the molecule exhibits a stable



iv

distribution of π electrons. The graph-theoretical description of this model is a maxi-

mum closed-shell independent set : a vertex subset of maximum size such that no two

vertices are adjacent and exactly half of the eigenvalues of the adjacency matrix of the

graph that results from the deletion of the vertex subset are positive. Computations

for finding a maximum closed-shell independent set rely on determining whether full-

erene subgraphs are closed-shell (satisfy the eigenvalue requirement) so a linear-time

algorithm for finding the inertia (number of negative, zero, and positive eigenvalues)

of unicyclic graphs is given. This algorithm is part of an exponential-time algorithm

for finding a maximum closed-shell independent set of a fullerene molecule that is fast

enough for practical use. An improved upper bound of 3n/8+ 3/2 for the closed-shell

independence number is included.
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Chapter 1

Introduction

I
n 1985, Kroto, Heath, O’Brien, Curl, and Smalley discovered the existence of an

all-carbon molecule that was produced as a side effect by an experiment [37].

Previously, the only known all-carbon substances were diamond and graphite.

This discovery resulted in the Nobel Prize in chemistry in 1996 for several of the

authors. The molecule has 60 carbon atoms with the bond structure shown in Figure

1.1(a) and was given the name C60: Buckminsterfullerene after Richard Buckminster

Fuller because its structure resembles his geodesic dome. The surface of the polyhe-

dron represented by the structure contains twelve pentagons and twenty hexagons,

which may be visualized more clearly by the 2-dimensional model in Figure 1.1(b).

This is the same structure as a soccer ball, which commonly has black pentagons and

white hexagons.

After its discovery in the lab, Buckminsterfullerene was discovered to occur natu-

rally in soot [25, 1.2] along with similar structures having 70, 76, 78, 82, 84, 90, 94,

or 96 carbon atoms. Each of these all-carbon molecules form polyhedral structures

in which each of the atoms is directly bonded to its three neighbors and in which

all faces of the polyhedron are either pentagonal or hexagonal. The collection of all

such all-carbon molecules, whether observed or theoretical, is called the fullerenes. A

general discussion of theoretical chemistry aspects of fullerene structure, isomerism

(a) A 3D model (b) A 2D model with pentagons in bold

Figure 1.1: Models of the most common fullerene, C60: Buckminsterfullerene
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and properties is given in [25]. The most common fullerene to occur in nature is

Buckminsterfullerene, which is why it is arguably the most commonly studied fuller-

ene.

A fullerene with n carbon atoms is denoted by Cn. Fullerenes exist, at least in

theory, for any even value of n at least 20, excluding 22. With 60 carbon atoms,

there are 1812 isomeric possibilities, but only Buckminsterfullerene can currently be

manufactured in significant quantity. The number of fullerene isomers of Cn is shown

in Table 1.1 along with the number of isomers that satisfy the isolated pentagon rule

(IPR), meaning they have no adjacent pentagons [7]. The number of Cn isomers is

in Θ(n9) according to [25, p.33] that references [49].

Given a molecular-property requirement for an application of fullerenes, one may

seek to determine the best fullerene isomer from those that are naturally available.

Should the state-of-the-art of molecular manufacturing advance to the point where

arbitrary isomers can be constructed, a method to determine the most relevant isomer

from the mass of mathematical possibilities is vital. Evaluation of graph invariants

is one strategy for the identification of such isomers. Hence, the development of fast

algorithms for enumeration of fullerene isomers [8, 9] and computation of invariants

is of practical chemical as well as theoretical computer-science interest. Such calcu-

lations produce a large data set of various invariants, which facilitates comparisons

and pattern discovery that result in learning previously unknown properties of the

fullerenes. Faster algorithms for calculating invariants make it easier to compute data

for larger and more fullerenes. This dissertation is primarily focused on invariants

(and fast algorithms to compute them) that measure the number of large addends

that can simultaneously bond to the surface of the fullerene. First, Chapter 2 gives

precise definitions to the terms used throughout the dissertation.

The majority of the work presented here is concerned with determining how many

molecules (possibly single atoms) that are sufficiently larger than a carbon atom can

bond to the surface of a fullerene. Such molecules are called bulky addends and under

the models studied here, their size imposes a restriction that no two bulky addends

may bond to adjacent carbon atoms. A popular bulky addend is bromine and the

problem can be phrased as: what is the maximum number of bromine atoms that

may bond to the surface of a fullerene? Chapter 3 explores this problem, including

a discussion of what is known mathematically and adds some new results. The new

results are used in Chapter 4 to create a linear-time algorithm that answers the

question for any given fullerene, when previously only exponential-time algorithms

were known. Chapter 5 discusses some theoretical results regarding the relationship
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between some specific fullerene families and the maximum number of bulky addends

that can bond to the surface of the fullerenes in the families.

Each carbon atom in a fullerene molecule has four valence electrons. Three of the

valence electrons are used in σ bonds, one for each of the atom’s three neighbors. In

chemical terms, fullerene molecules are unsaturated : according to Hückel theory, the

fourth valence electron of each carbon atom is used to form a delocalized π system

on the surface of the polyhedron. That is, these fourth valence electrons are shared

by the entire molecule in molecular orbitals.

Computations involving the bond structure of a hydrocarbon molecule indicate

whether or not a molecule is stable by considering the molecular energy levels given

by the π system. The Hückel molecular orbital theory was devised for molecules that

are two-dimensional, as opposed to the curved surface of a fullerene’s cage structure.

Due to this, Hückel theory does not work very well for predicting the stability of

fullerenes in general, especially those that are not highly symmetrical [25, Ch. 4].

Other methods have been suggested in order to predict the stability of a fullerene.

Among these is the invariant that counts the maximum number of bulky addends

that may bond to the surface of a fullerene (the maximum independent set order)

[21]. However, algorithms like the one presented here were used to compute the

invariant for over ten million fullerenes, providing the necessary evidence to refute

the suggestion [23].

When a bulky addend like bromine bonds to a carbon atom, the bond uses the

fourth valence electron of the carbon atom and therefore the atom is no longer present

in the fullerene’s π system. When a large number of addends have bonded at different

locations on the fullerene’s surface, the π system of the fullerene is broken into smaller

disjoint pieces composed of the subgraphs induced by the carbon atoms that are not

bonded to addends. From Hückel theory, the fullerene molecule with addends is stable

if each of these subgraphs is stable. (To determine if a piece is stable, a calculation

involving the molecular energy levels is performed.) A natural question that arises is:

if the maximum number of bulky addends are bonded to the surface of a fullerene, is

the resulting molecule stable? This question is explored in Chapter 7 and the answer is

a resounding “no” for the vast majority of fullerenes. This begets the question: what

is the maximum number of bulky addends that can bond to the surface of a fullerene

for which the result is stable? Chapter 7 gives a fast exponential-time algorithm to

compute the answer to this question after some related work is established in Chapter

6.
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n Fullerenes IPR n Fullerenes IPR n Fullerenes IPR

20 1 0 94 153 493 134 168 41 478 338 1 628 029

22 0 0 96 191 839 187 170 46 088 148 1 902 265

24 1 0 98 231 017 259 172 51 809 018 2 234 133

26 1 0 100 285 914 450 174 57 417 255 2 601 868

28 2 0 102 341 658 616 176 64 353 257 3 024 383

30 3 0 104 419 013 823 178 71 163 435 3 516 365

32 6 0 106 497 529 1 233 180 79 538 725 4 071 832

34 6 0 108 604 217 1 799 182 87 738 289 4 690 880

36 15 0 110 713 319 2 355 184 97 841 157 5 424 777

38 17 0 112 860 161 3 342 186 107 679 684 6 229 550

40 40 0 114 1 008 444 4 468 188 119 761 030 7 144 091

42 45 0 116 1 207 119 6 063 190 131 561 725 8 187 581

44 89 0 118 1 408 553 8 148 192 145 976 654 9 364 975

46 116 0 120 1 674 171 10 774 194 159 999 441 10 659 863

48 199 0 122 1 942 929 13 977 196 177 175 662 12 163 298

50 271 0 124 2 295 721 18 769 198 193 814 634 13 809 901

52 437 0 126 2 650 866 23 589 200 214 127 713 15 655 672

54 580 0 128 3 114 236 30 683 202 unknown 17 749 388

56 924 0 130 3 580 637 39 393 204 unknown 20 070 486

58 1 205 0 132 4 182 071 49 878 206 unknown 22 606 939

60 1 812 1 134 4 787 715 62 372 208 unknown 25 536 557

62 2 385 0 136 5 566 948 79 362 210 unknown 28 700 677

64 3 465 0 138 6 344 698 98 541 212 unknown 32 230 861

66 4 478 0 140 7 341 204 121 354 214 unknown 36 173 081

68 6 332 0 142 8 339 033 151 201 216 unknown 40 536 922

70 8 149 1 144 9 604 410 186 611 218 unknown 45 278 722

72 11 190 1 146 10 867 629 225 245 220 unknown 50 651 799

74 14 246 1 148 12 469 092 277 930 222 unknown 56 463 948

76 19 151 2 150 14 059 173 335 569 224 unknown 62 887 775

78 24 109 5 152 16 066 024 404 667 226 unknown 69 995 887

80 31 924 7 154 18 060 973 489 646 228 unknown 77 831 323

82 39 718 9 156 20 558 765 586 264 230 unknown 86 238 206

84 51 592 24 158 23 037 593 697 720 232 unknown 95 758 929

86 63 761 19 160 26 142 839 836 497 234 unknown 105 965 373

88 81 738 35 162 29 202 540 989 495 236 unknown 117 166 528

90 99 918 46 164 33 022 572 1 170 157 238 unknown 129 476 607

92 126 409 86 166 36 798 430 1 382 953 240 unknown 142 960 479

Table 1.1: From [7], the number of theoretically possible fullerene isomers with n

atoms and the number of which satisfy the isolated pentagon rule (IPR).



Chapter 2

Background

G
raph theory has a plethora of applications in chemistry because atoms may

be represented by vertices and bonds by edges of a graph. In this way,

fullerenes can be studied in a graph theoretical context. For precision and

clarity, this chapter gives the graph theoretical definitions that are used throughout

this dissertation. Then properties of the fullerene graphs are discussed.

2.1 Graph Theory

A graph G consists of a set of vertices V and a multi-set of edges E such that each

edge connects two vertices. A simple graph is a graph with no loops or multiple

edges. That is, each edge (u, v) connects two different vertices u and v and each pair

of vertices has at most one edge connecting them. Two vertices are adjacent if an

edge connects them and two edges are adjacent if they share a common vertex. A

vertex and an edge are incident if the vertex is an endpoint of the edge. The degree

of a vertex is the number of edges incident with it.

A path is an alternating sequence of not-necessarily-distinct vertices and edges of

the form v0, (v0, v1), v1, (v1, v2), . . ., vk−1, (vk−1, vk), vk. A connected graph is a graph

in which a path exists between each pair of vertices. The graphs in this dissertation

are assumed to be simple and connected.

A directed graph consists of a set of vertices and a multi-set of arcs where each

arc represents an ordered pair of vertices. An arc (u, v) (not necessarily unique) is

said to exit u and enter v.

A walk is an alternating sequence of vertices and arcs of the form v0, (v0, v1),

v1, (v1, v2), . . ., vk−1, (vk−1, vk), vk. A walk is directed and has a start vertex v0, an

end vertex vk, and internal vertices v1 through vk−1. Note that a vertex or arc may

appear more than once in a walk. A circuit is a closed walk (a walk in which v0 ≡ vk)

without a specified start/end vertex.

The directed graphs are also assumed to be simple and connected. That is, each

ordered pair of vertices appears in the set of edges at most once and there is a walk

from any vertex to any other vertex.

An embedding is a mapping of a graph into a surface, drawn such that the edges

do not cross. The surface of interest here is the plane. A planar graph is a graph that

can be drawn on the plane with no edge crossings.
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A rotation system of a directed graph is an adjacency list where the arcs associated

with each vertex are listed in clockwise order according to a given embedding. A rota-

tion system of an undirected graph is a rotation system of its corresponding directed

graph, which has two arcs (u, v) and (v, u) for each edge (u, v) of the undirected

graph.

A dual graph G∗ of a planar graph G has a vertex for each face of G and two

vertices of G∗ are joined by an edge if and only if the corresponding faces of G share

an edge. If G∗ is a dual graph of some graph G, then G is called the primal graph.

The dual graph of a dual graph is the primal graph.

2.2 Fullerenes

Recall that fullerenes are all-carbon molecules in which each atom bonds with three

other atoms to form a polyhedron structure with face sizes five or six. The structure

of a fullerene molecule can be represented by a graph by representing each atom by a

vertex and joining two vertices with an edge if the corresponding atoms are bonded

to one another. This yields the following definition of a fullerene graph.

Definition 2.2.1 (Fullerene). A fullerene graph, henceforth fullerene, F = (V,E)

with vertex set V and edge set E is a 3-regular (all vertices have degree three) planar

graph in which each face has size either five or six.

Fullerenes are 3-connected (at least 3 vertices must be deleted to disconnect the

graph). Therefore, each fullerene has a unique embedding in the plane (up to pre-

serving face boundaries) [54], so the face sizes are uniquely defined.

Because fullerenes are 3-regular graphs, a fullerene on n vertices has 3n/2 edges.

Euler’s polyhedron formula [20] can be used to show that every fullerene contains

exactly 12 pentagons and n/2 − 10 hexagons for n/2 + 2 faces in total. Therefore,

a fullerene dual graph contains n/2 + 2 vertices, 3n/2 edges, and n faces. Because

fullerenes are 3-regular, each face of the dual graph is a triangle.

A face spiral is an ordering of the faces of a fullerene such that each face in the

spiral shares an edge with its immediate predecessor and successor and each face in

the spiral after the second shares an edge with both (a) its immediate predecessor

in the spiral and (b) the first face in the preceding spiral that still has an open edge

[25, p.24]. Figure 2.1 shows an example of a face spiral. A face spiral sequence of

a fullerene with n atoms is a list of twelve unique integers that correspond with the

zero-based positions of the twelve pentagons in the face spiral order. The face spiral

sequence of the example is also given in Figure 2.1.
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Figure 2.1: A fullerene with 30 atoms shown with a face spiral and face spiral sequence
0,1,2,3,4,6,10, 12, 13, 14, 15, 16

Due to the existence of multiple isomers for values of n > 26 illustrated by Ta-

ble 1.1, the notation Cn is ambiguous because n does not uniquely characterize the

structure of the fullerene. A face spiral uniquely defines a fullerene isomer and isomer

numbers are determined by sorting the fullerenes based on their lexicographically

smallest face spiral sequence [25, 2.6]. To specify the structure of the fullerene, one

provides the isomer number k ≥ 1 with the notation Cn ∶k. It should be noted that

not all fullerenes have a face spiral, though the smallest known fullerene without a

face spiral has 380 vertices [25, 2.8].

The algorithms presented in Chapters 4 and 7 were run on all fullerenes with

120 or fewer (Chapter 4) and 100 or fewer vertices (Chapter 7). This required the

generation of all such fullerenes, which was performed by running Brinkmann’s fullgen

program [7]. The fullerenes were then sorted by the isomer numbers.



Chapter 3

Maximum Independent Sets of

Fullerenes

A
pplicability of fullerenes in functional compounds, materials and devices

require the ability to tune stability and properties. Graph invariants have a

part to play in rationalization of the chemistry of fullerene derivatives. Even

the simplest addition reactions—of atoms of a single type X to a single fullerene Cn—

generate a combinatorial explosion of possible isomers CnXq differing in the number

and placing of addends, and may lead to difficult experimental problems of separation

and characterization. One way to avoid such problems may be to drive the reaction

to completion, when the product distribution may become simpler, and the question

then arises [24, 26]: what is the maximum number of addends of a given type that

will ultimately attach to a given fullerene, if the addends are too bulky to occupy

neighboring carbon sites? To answer this question, the graph theoretical model of

independent sets (sometimes called stable sets) is considered as follows.

Definition 3.0.2 (Independent Set). On a graph F = (V,E), a vertex subset S ⊆ V

is called an independent set if ∀u, v ∈ S, (u, v) ∉ E.

A largest such set is a maximum independent set. The following definition gives a

corresponding invariant for a graph.

Definition 3.0.3 (Independence Number). The independence number of a graph F

is:

α(F ) =max
S⊆V
∣S∣

where S is an independent set.

Under the described model in which the only restriction on addition is that no two

bulky addends occupy neighboring carbon sites, the answer to the posed question will

be represented by taking the X positions to be a maximum independent set of the

vertices of the fullerene graph. The stoichiometry CnXq will reflect the independence

number q of the graph. Figure 3.1 shows two examples of a maximum independent

set.
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(a) C60∶1812 (b) C30∶2

Figure 3.1: Maximum independent sets (white vertices) of two fullerenes

Although it was proposed in the literature that minimization of the independence

number is a predictor of bare fullerene stability [21], it has since been shown that the

independence number and fullerene stability are poorly correlated [23, 26]. Neverthe-

less, the problem of calculating the independence number remains interesting from a

graph-theoretical perspective and provides insight about fullerene derivatives.

Independent sets also have theoretical interest. The problem of finding a maximum

independent set of a graph has been studied extensively, including [12, 43, 46], as well

as in the form of its sister problem, the maximum clique problem [6, 35]. (A maximum

independent set corresponds to a maximum clique in the complement graph.) The

problem of finding the independence number is NP -Hard for cubic planar graphs [28,

A1.GT20], a class that contains fullerenes.

This made the question of the complexity of computing α(F ) for fullerenes in-

triguing. A lower bound on the independence number of 3n/8 has been shown for

triangle-free cubic planar graphs [34], a category that includes fullerenes. An upper

bound on the independence number of fullerenes is n/2− 2 [27]. An exponential-time

backtracking algorithm has been used to calculate α(F ) for the 10,190,782 fullerenes

on 120 or fewer vertices [23, 26]. The results are given in Table 3.1 and are plotted

in Figure 3.2 along with the theoretical bounds. Although these results are known, a

faster algorithm was desired.

Graver showed that for icosahedral (highly symmetric) fullerenes, the indepen-

dence number can be calculated from a formula in O(1) time [31]. The results here

build on his ideas [31] that apply to general fullerenes to describe an algorithm for

finding the independence number in O(n) time.

This section concludes with some general definitions. This work makes heavy use
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n
x

n
x

7 6 5 4 3 2 7 6 5 4 3 2

20 - - - - - 1 72 - 1 205 7796 3164 24

24 - - - - 1 - 74 - - 355 10254 3619 18

26 - - - - - 1 76 - 1 700 14314 4108 28

28 - - - - 1 1 78 - 3 1130 18389 4561 26

30 - - - - 2 1 80 - 4 2085 24478 5328 29

32 - - - - 3 3 82 - 3 3245 30586 5853 31

34 - - - - 5 1 84 - 17 5580 39418 6537 40

36 - - - - 14 1 86 - 9 8458 47997 7268 29

38 - - - - 15 2 88 - 28 13410 60111 8146 43

40 - - - 1 36 3 90 - 42 19216 71714 8899 47

42 - - - - 42 3 92 - 102 28818 87532 9910 47

44 - - - 3 80 6 94 - 151 40015 102660 10617 50

46 - - - 10 102 4 96 - 330 57701 121976 11773 59

48 - - - 17 177 5 98 - 444 77104 140564 12862 43

50 - - - 25 241 5 100 1 1058 106173 164793 13819 70

52 - - - 83 347 7 102 - 1618 139263 185772 14933 72

54 - - 1 122 448 9 104 - 3179 185783 213432 16551 68

56 - - 1 257 656 10 106 - 4880 234863 240210 17504 72

58 - - 2 379 816 8 108 3 8389 304350 272419 18961 95

60 - 1 6 736 1058 11 110 6 12857 378948 301041 20402 65

62 - - 6 1081 1288 10 112 8 21735 477860 338539 21919 100

64 - - 18 1799 1631 17 114 7 30083 583643 371130 23481 100

66 - - 24 2558 1881 15 116 28 48970 720591 412142 25295 93

68 - - 59 3955 2300 18 118 39 68788 863452 449762 26403 109

70 - 1 97 5395 2639 17 120 119 103796 1046902 494619 28606 129

Table 3.1: From [23], the number of fullerenes Cn with independence number n/2−x

of a rotation system for a planar embedding of a fullerene as well as its dual graph,

each of which was defined in Chapter 2.

For a rotation system, a “clockwise positions” unit of measure is defined for two

arcs with a common incident vertex as the number of positions in clockwise order from

one arc to the other around the common vertex. Let v0, v1, . . . , vd−1 be the clockwise

order of the neighbors of vertex u. Arcs (u, vi) and (vi, u) are k clockwise positions

after arcs (u, vj) and (vj, u) if and only if i ≡ j + k (mod d).

A primal walk is a walk in the fullerene graph and a dual walk is a walk in the

dual graph. When a dual walk enters a vertex vi of degree six from arc (vi−1, vi), it

is said to continue in the straight direction if it leaves vi using the arc from vi that

is three clockwise positions after arc (vi−1, vi). The straight direction is not defined

for a walk exiting a vertex of degree five. A straight walk is a dual walk that exits in
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Figure 3.2: Existence of independence numbers for given fullerene size with the best-
known theoretical bounds of n/2 − 2 and ⌈3n/8⌉
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Figure 3.3: The x- and y-arcs of a quintant.

the straight direction at every internal vertex. This implies that every internal vertex

of a straight walk has degree six. A walk makes a sharp left (sharp right) turn at

vertex vi of degree five or six if it exits vi using the arc from vi that is one clockwise

(counter-clockwise) position after arc (vi, vi−1). A wide left (wide right) turn occurs

when the walk exits using the arc that is two clockwise (counter-clockwise) positions

after arc (vi, vi−1).
A quintant of a vertex v of degree five consists of a pair of arcs from v, the x-arc

and the y-arc, such that the x-arc is 1 clockwise position after the y-arc. Figure 3.3

gives an example.
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Figure 3.4: The three possible configurations involving gray vertices. [31, Fig. 1]

3.1 Graver’s Results

This section highlights the results from Graver’s work [31] that are useful here. In a

maximum independent set, each hexagon ideally contributes three vertices; however,

the pentagons can cause some disruptions. Each pentagon can contribute at most two

vertices to an independent set. This can cause some hexagons to contribute fewer than

three vertices to the set. The difficulty with calculating the independence number for

fullerenes is with choosing independent set vertices from the pentagons to minimize

their disruption of the hexagons. Graver showed that a maximum independent set

can be obtained by finding a way to pair the pentagons where a dual walk exists

from each pentagon to its paired pentagon (subject to some restrictions) such that

the global disruption is minimized.

Let W be a maximum independent set of a fullerene F , let B be a maximum

independent set of F −W and let G be the remaining vertices (V −W −B). Color the
vertices in W white, those in B black, and those in G gray. The following property

arises:

Lemma 3.1.1. [31, Lemma 1] For every maximum independent set, every gray vertex

is adjacent to a black vertex and a white vertex.

Definition 3.1.2 (Graver Coloring). A Graver coloring of a fullerene F = (V,E)
consists of a partitioning of the vertices into sets of white vertices W , black vertices

B and gray vertices G and a partitioning of the edges into white edges EW , black

edges EB and gray edges EG, such that W is a maximum independent set of F , B is

a maximum independent set of F −W , G is V −W −B, and EW , EB, and EG are

defined as follows:

[Figure 3.4(a)]: If gray vertex g is adjacent to two black vertices and one white

vertex w, then edge (g,w) is assigned to EW .

[Figure 3.4(b)]: If gray vertex g is adjacent to two white vertices and one black

vertex b, then edge (g, b) is assigned to EB.
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[Figure 3.4(c)]: For each pair of adjacent gray vertices, arbitrarily label one as g1

and the other as g2. Vertex g1 is adjacent to one white vertex w1 and one black

vertex b1 and g2 is adjacent to one white vertex w2 and one black vertex b2.

Assign (g1, b1) to EB and (g2, w2) to EW .

The edge set EG is defined to be E −EW −EB.

With the sets defined in this manner, each gray vertex is incident with exactly

one edge of either EW or EB. Note that this definition of EG differs from Graver’s

set EG in [31] in order to simplify some of the discussion.

Lemma 3.1.3. [31, Lemma 2] For any Graver coloring, ∣EW ∣ + ∣EB ∣ = ∣G∣ (where G

is the set of gray vertices) and no two edges in EW ∪EB have a common endpoint.

Lemma 3.1.4. [31, Lemma 3] A Graver coloring will satisfy the following:

(i) Each pentagonal face contains exactly one edge from EW ∪EB.

(ii) Each hexagonal face contains either exactly two edges from EW ∪ EB or no

edges from EW ∪EB. If two edges from EW ∪EB are opposite one another on a

hexagon, then they are either both from EW or both from EB. If two edges from

EW ∪EB are on a hexagon and are not opposite one another, then one is from

EW and one is from EB.

An important relationship exists between ∣W ∣, ∣EW ∣ and ∣EB ∣, which is shown by

the next lemma.

Lemma 3.1.5. [31, Lemma 4] Given a Graver coloring, the independence number

can be computed as

∣W ∣ = ∣V ∣ /2 − (2 ∣EW ∣ + ∣EB ∣)/3. (3.1)

The next theorem allows one to view a correspondence between a maximum in-

dependent set and a pairing of the twelve pentagons.

Theorem 3.1.6. [31, Theorem 1] Given a Graver coloring, the dual subgraph induced

by the dual edges corresponding to the primal edges in EW ∪EB is disconnected with

six components, each of which is a simple path between a different pair of vertices of

degree five.

The paths in Theorem 3.1.6 cannot make a sharp turn at any hexagon due to

Lemma 3.1.4(ii). The next lemma introduces a restriction on the wide turns that can

be made.
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(a) A white (5,3) clear field: penalty is 2(5) +
3 = 13

(b) A black (5,3) clear field: penalty is 5+2(3) =
11

(c) A white (5,0) clear field: penalty is 2(5)+0 =
10

(d) A black (5,0) clear field: penalty is 5+2(0) =
5

Figure 3.5: Examples of clear fields. The arcs of the clear fields are denoted by
arrows. A Graver coloring is shown in each case. Bold primal edges denote the edges
in EW ∪EB. If fewer than three vertices in W are on a hexagon then it is shaded.

Lemma 3.1.7. [31, Lemma 6] If any particular one of the six paths in Theorem 3.1.6

is viewed as a dual walk from one degree five vertex to its mate, then if the walk has

a wide right (left) turn then the next turn cannot be another wide right (left) turn.

Figure 3.5 shows sample regions that may occur in a Graver coloring of a fullerene.

If a hexagon has fewer than three vertices from W then it is shaded. The (primal)

edges in EW ∪EB are shown in bold. In each of the four subfigures, the edges of the
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dual graph that correspond to the bold primal edges induce a path that pairs the

pentagons.

Figure 3.5(a) is an example of a claim by Graver that will be shown by Theorem

3.2.3. The path that connects the two pentagons can be thought of as a dual walk

from the lower left pentagon to the upper right pentagon such that the walk follows

three arcs in the “up” direction and then makes one wide right turn and follows

five arcs in the “right” direction. Graver describes a method of swapping the colors

of vertices to obtain a new Graver coloring that induces any one of the choices of

a path between the two pentagons with the path having three edges in the “up”

direction and five in the “right” direction. Each of these path choices falls into the

parallelogram-shaped region illustrated by the circuit of arrows. Graver called such

a parallelogram-shaped region of hexagonal faces between the two pentagonal faces a

clear field, although a more rigorous definition is provided in the next section. The

term clear field was chosen because for all maximum independent sets of the fullerene

and a corresponding Graver coloring, these regions must be free of pentagons other

than the two being paired [31, Lemma 7].

Two different colorings of a fullerene are said to be color-equivalent if they have

the same values for ∣W ∣, ∣B∣, ∣EW ∣ and ∣EB ∣. The colorings that induce different paths
in the clear field are color-equivalent and in particular “any two [such] paths in the

clear field between paired pentagons will have the same contribution to 2 ∣EW ∣+ ∣EB ∣;
hence that contribution is a property of the pairing” [31, p. 861]. A proof of this

fact is given later by Theorem 3.2.3. The contribution that a clear field makes to

2 ∣EW ∣+ ∣EB ∣ is called the penalty of a clear field because in Equation (3.1), the sum of

the penalties divided by three gives the difference between ∣V ∣ /2 and the independence

number. In the example in Figure 3.5(a), the clear field contains five edges in EW

and three edges in EB for a penalty of 2(5)+3 = 13. Any Graver coloring that results

in this clear field with the boundary colored as indicated will have a path in the dual

corresponding to the edges of EW ∪ EB that gives the same penalty. Similarly, in

Figure 3.5(b), the clear field contains three edges in EW and five edges in EB for a

penalty of 5 + 2(3) = 11.
In the final section of [31], Graver comments that to find a maximum independent

set on any fullerene, one could consider the independent sets that correspond to

each of the possible pairings of the pentagons resulting in clear fields and select the

independent set with the largest order. That is the general approach taken by the

algorithm.
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3.2 Extensions of Graver’s Results

This section proves some new results that expand on Graver’s work in order to build

a theoretical foundation for the algorithm. The first result uses the Graver coloring

properties to examine how the colors of two vertices are related by examining primal

walks that connect them.

Theorem 3.2.1. Given a fullerene with a Graver coloring, let P be a primal walk of

length k from vertex v0 to vk such that v0 and vk are not gray. Let ` be the number

of arcs of P that correspond to some edge in EW ∪EB. If k ≡ ` (mod 2) then v0 and

vk are the same color, otherwise they are different colors.

Proof. The possible internal vertex colorings are considered by cases.

Case 1 [k < 2]: If k = 0 then the result holds trivially. If k = 1 then the single arc

must connect a white and a black vertex and the edge it corresponds to is hence

not in EW ∪EB, so the result holds.

Case 2 [k ≥ 2 and all internal vertices of P are gray]: There are two subcases.

Case 2.1 [k = 2]: The Graver coloring properties illustrated in Figure 3.4 show

that v0 and v2 are the same color if and only if neither arc on the path

corresponds to an edge in EW ∪EB or if both arcs correspond to the same

edge in EW ∪EB. Otherwise, v0 and v2 are different colors.

Case 2.2 [k ≥ 3]: No gray vertex has more than one gray neighbor, so the sit-

uation must be the one shown in Figure 3.4(c). The k − 2 arcs of P that

are not the first or last arc must correspond with the edge that connects

the two gray vertices (recall that walks can have repeated arcs). Only the

first and last arcs of P can correspond with an edge in EW ∪EB. If k is

odd, then v0 and vk are the same color if and only if exactly one of the

arcs corresponds with an edge in EW ∪ EB. If k is even, then v0 and vk

are the same color if and only if zero or two of the arcs correspond with

an edge in EW ∪EB. Otherwise, v0 and vk are different colors.

Case 3 [k ≥ 2 and not all internal vertices of P are gray]: Let vi be a vertex in P

that is not gray. Walk P can be decomposed into two smaller walks P1 with

length k1 from v0 to vi and P2 with length k2 from vi to vk. Induction shows

that if the result holds for P1 and P2, then the result holds for P .
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The idea of a clear field was given in the previous section, but here a more rigorous

definition is provided.

Definition 3.2.2 (Clear Field). A clear field with dimensions (x, y) is a circuit in

the dual graph such that each of the following hold:

1. The dimensions (x, y) satisfy x ≥ 1 and y ≥ 0.

2. The circuit and its internal region (the one on the right side of the circuit)

contain exactly two vertices corresponding to pentagons.

3. The circuit corresponds to a closed dual walk using 2x+2y arcs and is constructed

in one of the following two ways, depending on the value of y.

Case 1 [y = 0] Two examples with y = 0 are shown in Figures 3.5(c) and 3.5(d).

The dual walk begins at a degree five vertex and follows an arc. It then

continues for x − 1 more arcs in the straight direction (through vertices of

degree six) to reach a degree five vertex. This vertex must be a different

vertex than the starting vertex. The walk then reverses its steps back to

the initial degree five vertex.

Case 2 [y > 0] Two examples with y > 0 are shown in Figures 3.5(a) and 3.5(b).

The dual walk begins at a degree five vertex and follows an arc to an adja-

cent degree six vertex. It then continues for y − 1 more arcs in the straight

direction (through vertices of degree six) for a total of y arcs to reach a

degree six vertex, where a wide right turn is made. The walk continues for

x − 1 more arcs in the straight direction and reaches a degree five vertex

after a total of x + y arcs. This vertex must be a different vertex than the

starting vertex. A sharp right turn is made at the vertex of degree five.

The walk continues for y − 1 more arcs in the straight direction where a

wide right turn is made. Finally, the walk continues x − 1 more arcs in

the straight direction and reaches the original degree five vertex to close

the walk (if a sharp right turn were made, it would use the first arc of the

walk).

The clear field subgraph for a given clear field is the primal subgraph induced by

the faces that correspond with either a dual vertex that is part of the clear field or a

dual vertex on the inside (right side) of the clear field.

Some clear fields will be named as necessary in the discussions. Given a specific

clear field, arbitrarily label its two vertices of degree five a and b and denote the clear
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a

b

(0,0)

(0,1)

(0,2)

(0,3)

(1,0)

(1,1)

(1,2)

(1,3)

(2,0)

(2,1)

(2,2)

(2,3)

(3,0)

(3,1)

(3,2)

(3,3)

(4,0)

(4,1)

(4,2)

(4,3)

(5,0)

(5,1)

(5,2)

(5,3)

y

x

Figure 3.6: The faces in a clear field region may be labeled with coordinates using
one of the pentagons (a) as the origin (0,0).

field �� ��ab having dimensions (xab, yab). Multiple clear fields may exist between two

vertices of degree five and so it is important to note that given two such vertices a and

b, the label �� ��ab is not always sufficient to identify a unique clear field. When such

notation is used, however, ambiguity will be avoided by identifying the clear field and

then naming it. When a clear field is named �� ��ab, let
Ð→
ab denote the subwalk of �� ��ab

from a to b and let
Ð→
ba denote the subwalk of �� ��ab from b to a.

Given a Graver coloring, the six connected components of the dual subgraph

induced by the edges of EW ∪EB are called the pairing paths. A particular clear field

�� ��ab is said to correspond to a pairing path if the path pairs vertices a and b, all of

the primal edges corresponding to the edges of the path are in the clear field subgraph

of �� ��ab, and the length of the path is xab + yab. A clear field is a pairing clear field if

it corresponds to a pairing path.

The faces in a clear field subgraph and their corresponding dual vertices may be

referred to using a coordinate system. Choose a clear field and label it �� ��ab with

degree five vertices a and b labeled arbitrarily. The two arcs of �� ��ab that are incident

with a correspond with one of the five quintants of a (Figure 3.6). This quintant is

said to be the quintant of a for �� ��ab. A coordinate system is defined for �� ��ab

such that a straight walk beginning with the x-arc of the quintant defines the x-axis

of the quintant and the y-axis is similarly defined using the y-arc. A dual vertex

corresponding to a face in the clear field subgraph of �� ��ab receives the coordinate

(x, y) if it may be reached by following the y-axis for y arcs and, if x > 0, then making
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a0 a1

a2

a3

a4

a0 a1

a2

a3

a4

Figure 3.7: A numbering system for the vertices of a pentagon with the clear field
arcs shown.

a wide right turn (and following the appropriate arc) then taking x − 1 more arcs in

the straight direction, as in Figure 3.6. Vertex a is the origin at (0,0) and b is located

at (xab, yab).
It is important to note that the faces of the clear field subgraph do not necessarily

have unique coordinates, but each coordinate uniquely identifies a face. Figure 3.10

is an example of such a situation. If the face at coordinate (x1, y1) is the same face as

the one at coordinate (x2, y2), then the notation (x1, y1) ≡ (x2, y2) is used to express

this fact.

Given a particular quintant, an x-direction walk at y is a straight dual walk with

its first arc from the dual vertex at (0, y) to the one at (1, y). Similarly, a y-direction

walk at x is a straight dual walk with its first arc from the dual vertex at (x,0) to
the one at (x,1).

For a Graver coloring, each vertex has a color and a pentagon is now defined to

have a color of white or black as follows. Let �� ��ab be the clear field that pairs degree

five vertices a and b given some Graver coloring. As in Figure 3.7, number the primal

vertices on the pentagon corresponding to a in clockwise order as a0, . . . , a4 such that

the dual arc of �� ��ab that enters a crosses primal edge (a1, a2). Define the pentagon

color of the pentagon for a to be the color of a2, unless a2 is gray, in which case the

pentagon receives the color of a1. In Figures 3.5(a) and 3.5(c), the pentagons are

white and in Figures 3.5(b) and 3.5(d), the pentagons are black.

Exactly one of (a0, a1) and (a1, a2) is in EW ∪ EB because �� ��ab pairs a and b.

Note that if a2 is gray, then (a1, a2) ∈ EW ∪ EB so a1 has a different color than the

other two neighbors of a2 (see Figure 3.4) and a color-equivalent coloring may be

obtained by swapping the colors of a1 and a2. Similarly, if (a0, a1) ∈ EW ∪EB then

a color-equivalent coloring may be obtained by swapping the colors of a0 and a1.

Equivalently, the color of the pentagon for a is white if (a1, a2) ∈ EW or (a0, a1) ∈ EB

and is black if (a1, a2) ∈ EB or (a0, a1) ∈ EW .

Theorem 3.2.3. Let a and b be two degree five vertices that are paired by a Graver

coloring and let �� ��ab be their pairing clear field with dimensions (x, y). Let F ′ =
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(V ′,E′) be the clear field subgraph of �� ��ab.

(i) There are exactly 2x+y(x+y
x
) ways to color the vertices of F ′ such that a pairing

path exists between a and b and the pentagon for a is the same color as in F .

(ii) If the pentagon for a is white then ∣EW ∩E′∣ = x and ∣EB ∩E′∣ = y, otherwise
∣EW ∩E′∣ = y and ∣EB ∩E′∣ = x.

(iii) The colors of the pentagons for a and b are the same.

Proof. Label the vertices of the pentagon corresponding with a as a0 through a4 as

in Figure 3.7. Similarly, label b0 through b4.

(i) The paths in the dual of F ′ that pair a and b correspond to walks of length

x + y from a to b within the clear field region of �� ��ab such that no two consecutive

wide turns are made in the same direction. Counting these walks is equivalent to the

classical problem of counting the number of lattice walks from the origin (0,0) to (x, y)
using steps in the north and east directions only. The north direction corresponds

with the y-direction from a (taking the dual arc from a that crosses (a0, a1) and

continuing straight). Likewise, the east direction corresponds with the x-direction

and (a1, a2). The number of such lattice walks is (x+y
x
) [41].

Once a pairing path P has been selected, it is easy to generate a coloring of F ′

that induces the pairing path. Let EP be the edges in P . For each primal edge

corresponding to an edge in EP , select one incident vertex and color it gray. Color

a1 and/or a2 (whichever is not gray) black or white as appropriate such that the

pentagon for a is the same color in F ′ as in F . The graph F ′ − EP is bipartite so

there is a unique way that the remaining uncolored vertices of F ′ can be colored with

black and white.

Each of these possible paths pairing a with b contains x+y edges in EW ∪EB. No

two edges in EW ∪EB are adjacent so the colors of the vertices on the endpoints of an

edge in EW ∪EB may be swapped, for a total of 2x+y ways to color each pairing path.

Each coloring induces exactly one pairing path, so 2x+y(x+y
x
) counts each coloring

exactly once.

(ii) Let e1, e2, . . . , ex+y be the arcs of the walk from a to b for some pairing path

and let v0, v1, . . . , vx+y be the vertices of the walk. Let e′1, e
′
2, . . . , e

′
x+y be the edges

in EW ∪ EB such that e′i is the primal edge crossed by ei. If the walk follows the

straight direction at vi (0 < i < x + y), then e′i and e′i+1 are either both in EW or both

in EB (Lemma 3.1.4). Conversely, if the walk makes a turn at vi, then one of e′i and

e′i+1 is in EW and the other is in EB (Lemma 3.1.4). When the walk is viewed as a
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walk on the lattice from the origin (0,0) to (x, y), each step in the north direction

indicates an edge in one of EW or EB and each step in the east direction indicates

an edge in the other set. If the pentagon for a is white then either (a1, a2) ∈ EW or

(a0, a1) ∈ EB, so ∣EW ∩E′∣ = x and ∣EB ∩E′∣ = y. If the pentagon for a is black then

either (a1, a2) ∈ EB or (a0, a1) ∈ EW , so ∣EB ∩E′∣ = x and ∣EW ∩E′∣ = y.
(iii) Continuing the argument from (ii), if the pentagon for a is white and the final

step of the walk from a to b is in the east direction, it crosses (b1, b2) so (b1, b2) ∈ EW .

If the final step is in the north direction, it crosses (b0, b1) so (b0, b1) ∈ EB. In either

case, the pentagon for b is white. If the pentagon for a is black then either (b1, b2) ∈ EB

or (b0, b1) ∈ EW , so the pentagon for b is black.

Graver’s claim that each clear field will have the same contribution to 2 ∣EW ∣+ ∣EB ∣
is backed up by Theorem 3.2.3. Furthermore, it gives the ability to replace one pairing

path corresponding to a clear field with any other pairing path corresponding to the

same clear field without affecting the independent set order.

The clear field color is defined as the color the clear field’s corresponding pen-

tagons. Figures 3.5(a) and 3.5(c) show white clear fields and Figures 3.5(b) and

3.5(d) show black clear fields. If a clear field is white, then the primal edges crossed

by the edges of the pairing path in the x-direction are in EW and if the clear field is

black, these edges are in EB. Because the contribution of a clear field to 2 ∣EW ∣+ ∣EB ∣
is the penalty of the clear field, it follows from Theorem 3.2.3(ii) that if a clear field

with dimensions (x, y) is white, its penalty is 2x + y and if it is black, the penalty is

x + 2y. Equation (3.1) may be rewritten as

∣W ∣ =
∣V (G)∣

2
−
1

3
∑

clear fields

(clear field penalties). (3.2)

Theorem 3.2.4. Given a Graver coloring of a fullerene, let a and b be two dual

vertices of degree five paired by the coloring and let �� ��ab be their pairing clear field.

Similarly, c and d are paired by pairing clear field �� ��cd. The clear field subgraphs of

�� ��ab and �� ��cd have no faces in common.

Proof. For contradiction, assume the clear field subgraphs of �� ��ab and �� ��cd has a

face in common, so at least one of
Ð→
ab and

Ð→
ba have a dual vertex in common with at

least one of
Ð→
cd and

Ð→
dc. By Theorem 3.1.6, the pairing paths of �� ��ab and �� ��cd have

no dual vertices in common. For such pairing paths to exist, at least one of
Ð→
ab and

Ð→
ba

must not share a dual vertex with either
Ð→
cd nor

Ð→
dc and at least one of

Ð→
cd and

Ð→
dc must

not share a dual vertex with either
Ð→
ab nor

Ð→
ba. Therefore, by interchanging labels a
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b
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(a) Example of
Ð→
ba sharing dual vertices

with
Ð→

cd

a
c

b d

yab

xab ybd

xac
yac xcd

ycd

xbd

(b) Distance labels when two clear
fields overlap

Figure 3.8: Situation when two clear fields overlap in the proof of Theorem 3.2.4

and b and/or c and d if necessary, it can be assumed without loss of generality that
Ð→
ba shares at least one dual vertex with

Ð→
cd, as illustrated in Figure 3.8(a). It will be

shown that a better coloring exists by pairing a, b, c, and d differently, which implies

the coloring is not optimal and provides a contradiction.

Some distances in the graph are labeled in Figure 3.8(b). The length of the

pairing path between a and b is xab + yab. The distance from c to a using the arcs of

the clear fields involves the first yac arcs of
Ð→
cd followed by the last xac arcs of

Ð→
ba. The

other distances are similarly defined. Figure 3.9(a) shows an example with �� ��ab with

dimensions (7,5), �� ��cd with dimensions (6,6), xac = 5, yac = 4, xbd = 4, and ybd = 3.

It can be assumed that no other pairing path uses any of the dual vertices on the

dual walk from c to a, nor on the walk from b to d. This is because if some other

pairing path did cross between c and a, it must also cross between b and d since it

cannot share a dual vertex with the path pairing a and b nor with the path pairing c

and d. Such a path would indicate that a third clear field shares dual vertices with

�� ��ab and �� ��cd. Without loss of generality, the third clear field can be renamed to

be �� ��cd, repeating as necessary, so as to assume that no pairing path shares a dual

vertex with c to a or b to d.

Label the vertices of the pentagon at a with a0 through a4 as per Figure 3.7

and similarly label the pentagons at b, c, and d. Consider the primal walk from c2

to a2 around the boundary of the subgraph induced by the clear field subgraphs of

�� ��ab and �� ��cd. This walk includes an odd number of arcs (three if xac = yac = 1

and 1 + 2(yac − 1) + 2(xac − 1) otherwise), none of which are in EW ∪EB because no

pairing path crosses them. By Theorem 3.2.1, �� ��ab and �� ��cd have opposite colors.

Figure 3.9(a) shows an example in which �� ��ab is black and �� ��cd is white. This

may be assumed without loss of generality because the other option is obtained by
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(a) ∣EW ∣ = 11 and ∣EB ∣ = 13

a

c

b

d

(b) ∣EW ∣ = 6 and ∣EB ∣ = 8

Figure 3.9: Colorings of the subgraphs of two clear fields that share faces

interchanging labels a and d as well as b and c.

Define a dual walk Wca from c to a as follows. If yac > 1, Wca begins at c and uses

the first yac − 1 arcs of
Ð→
cd, then it makes a wide left turn to reach a dual vertex on

�� ��ab. If yac = 1, Wca begins at c and uses the arc that crosses primal arc (c0, c4). In
either case, if xac > 1, Wca continues by following the last xac − 1 arcs of

Ð→
ba to reach

a. The total length of Wca is xac + yac − 1. Similarly, define Wbd from b to d having
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length xbd + ybd − 1. Figure 3.9(b) shows these walks on an example.

For the original coloring pairing of a with b and c with d, the clear field subgraphs

of �� ��ab and �� ��cd contribute yab +xcd edges to EW and xab +ycd edges to EB. Obtain

a new coloring by instead pairing a with c and b with d. Assign the primal edges

crossed by Wca and Wbd to EW or EB and color the clear field subgraphs of �� ��ab

and �� ��cd such that a and b remain white and c and d remain black. In this new

coloring, the clear field subgraphs of �� ��ab and �� ��cd contribute xbd + ybd − 1 edges to

EW and xac + yac − 1 edges to EB. The new coloring is better (it provides a larger

∣W ∣) because xac ≤ xab, yac ≤ ycd, xbd ≤ xcd, and ybd ≤ yab. Note that if the new pairings

make two consecutive left turns (they do when xac + yac > 2 or xbd + ybd > 2), then

the new coloring is not optimal (Lemma 3.1.7); however it is better than the original

coloring, which is sufficient for a contradiction.

The previous lemma shows that the clear field subgraphs of two clear fields that

pair pentagons cannot share a face with each other. The next lemma extends that

idea to a single clear field by showing that the clear field subgraph of a pairing clear

field cannot share a face with itself.

Theorem 3.2.5. Given a Graver coloring of a fullerene, let a and b be two dual

vertices of degree five paired by the coloring and let �� ��ab be their pairing clear field

with dimensions (x, y). If y = 0, then the x + 1 dual vertices of �� ��ab from a to b are

unique. If y > 0, then all the dual vertices of �� ��ab are unique. That is, the clear field

subgraph of �� ��ab contains (x + 1)(y + 1) unique faces.

Proof. For contradiction, suppose �� ��ab contains a repeated dual vertex. Walk
Ð→
ab

does not contain a repeated dual vertex because if it did, the clear field subgraph

of �� ��ab could be recolored using the primal edges crossed by
Ð→
ab to induce a pairing

path that is not a simple path and would violate Theorem 3.1.6. Likewise,
Ð→
ba does

not contain a repeated dual vertex. It must be that a repeated dual vertex in �� ��ab

is found once in
Ð→
ab and once in

Ð→
ba.

The above gives the result for the case where y = 0. Henceforth, assume y > 0.

Let u0, u1, . . . , ux+y be the dual vertices visited by
Ð→
ab and let v0, v1, . . . , vx+y be the

dual vertices visited by
Ð→
ba. Note that a ≡ u0 ≡ vx+y and b ≡ v0 ≡ ux+y. Walks

Ð→
ab and

Ð→
ba make their wide right turns at uy and vy, respectively. Let w0, w1, . . . , wk be the

dual vertices of an arbitrary straight dual walk. Because
Ð→
ab makes a wide right turn

at uy, it is not possible for the straight walk to “cut the corner” of
Ð→
ab. That is, wi

and wj (i < j) cannot exist such that wi is a vertex in {u1, . . . , uy−1}, wj is a vertex in

{uy+1, . . . , ux+y−1}, and {wi, . . . , wj} all correspond to faces in the clear field subgraph
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to a
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(v`2−1, v`2) (uk2 , uk2+1)

(v`1 , v`1+1) (uk1−1, uk1)
(a) Four dual arcs are labeled. Labels R1

and R2 are for identifying this diagram with
Figure 3.11(a). Shaded hexagons do not
have unique coordinates.

a b

(b) An example of the situation in (a) on a fullerene
with n = 60 showing a clear field with a y-value
(dotted) of 2 and an x-value (dashed) of 7. Shaded
hexagons do not have unique coordinates.

Figure 3.10: A situation used in the proof of Theorem 3.2.5

of �� ��ab. Therefore, if
Ð→
ab and

Ð→
ba share a vertex, it must be the situation pictured in

Figure 3.10(a). That is,
Ð→
ba must “enter” �� ��ab by meeting

Ð→
ab at a vertex uy through

ux+y−1 and then make its turn and “exit” �� ��ab by meeting
Ð→
ab at a vertex u1 through

uy. More specifically, there is a choice of 1 ≤ k1 ≤ y and y ≤ `1 ≤ x + y − 1 such that

uk1 ≡ v`1 and arc (v`1 , v`1+1) is 1 clockwise position after arc (uk1−1, uk1) and there is

a choice of y ≤ k2 ≤ x + y − 1 and 1 ≤ `2 ≤ y such that uk2 ≡ v`2 and arc (uk2 , uk2+1) is
1 clockwise position after (v`2−1, v`2). Figure 3.10(b) shows an example of a complete

fullerene exhibiting the situation in Figure 3.10(a). Such a situation is common in

larger fullerenes.

Figure 3.11(a) shows an abstract drawing of a clear field that exhibits the situation

in Figure 3.10(a). Because the three-dimensional surface of the fullerene is being

drawn in two dimensions, one part of each of
Ð→
ab and

Ð→
ba is drawn with a curved

line, even though they represent the straight direction. The faces not in the clear

field subgraph of �� ��ab induce two fullerene subgraphs R1 and R2, which are also

identified in Figure 3.10(a). Figure 3.11(b) shows a more detailed drawing of the

faces in the clear field subgraph of �� ��ab that are adjacent to subgraph R1.

The clear field subgraph of �� ��ab contains two of the twelve pentagons, leaving ten

pentagons to be distributed between subgraphs R1 and R2. Five of these pentagons
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a
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R1

R2

(a) An abstract diagram with the
clear field region shaded

R1

a

xk
yk

(b) Boundary of the interior white region
in (a)

Figure 3.11: More diagrams of the situation pictured in Figure 3.10

are in R1 due to the following. Refer to Figure 3.11(b) and note that the x-axis and

y-axis of the quintant of a for �� ��ab meet at the hexagon that has both coordinates

(0, ky) and (kx,0) when the origin is defined at a. Subgraph R1 has a large outer face

bordered by the faces shown in the figure. This outer face of R1 has two vertices of

degree three from a, one from each of the first kx − 2 hexagons on the x-axis and one

from each of the first ky −2 hexagons on the y-axis for a total of kx +ky −2 vertices of

degree three. The remaining kx + ky − 1 vertices on the outer face of R1 have degree

two. There are 2kx + 2ky − 3 edges on the outer face of R1. Let p be the number

of pentagonal faces in R1 and h be the number of hexagonal faces in R1. The total

number of faces, edges, and vertices, respectively, are:

f = p + h + 1

e = (5p + 6h + (2kx + 2ky − 3))/2

v = (5p + 6h − (kx + ky − 1)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

outer vert. of deg. 2

+ (kx + ky − 2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

outer vert. of deg. 3

)/3 + (kx + ky − 1)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

total vert. of deg. 2

= (5p + 6h − 1)/3 + kx + ky − 1.

Euler’s formula (v − e + f = 2) [20] gives:

((5p + 6h − 1)/3 + kx + ky − 1) − ((5p + 6h − 3)/2 + kx + ky) + (p + h + 1) = 2
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that simplifies to p = 5.

Five pentagons are in R1, which implies that five are in R2. The dual vertices

of degree five corresponding to these ten pentagons are paired up by the Graver

coloring using clear fields, which implies that at least one of these dual vertices,

c, corresponding to a pentagon in R1 must be paired with another dual vertex, d,

corresponding to a pentagon in R2. This implies that pairing clear field �� ��cd must

share a dual vertex with �� ��ab, but this cannot happen by Theorem 3.2.4.

Definition 3.2.6 (Proper Clear Field). A clear field with dimensions (x, y) is called
a proper clear field if its clear field subgraph contains (x + 1)(y + 1) unique faces.

The previous theorem shows that all pairing clear fields are proper clear fields.

The next two theorems consider clear fields on a fullerene whether or not they pair

two vertices of degree five for some coloring. The first shows that there is a simple

linear upper bound on the number of clear fields. The second shows that there is a

logarithmic upper bound for the number of proper clear fields.

Theorem 3.2.7. The number of clear fields is at most 3n/2.

Proof. The proof is divided into two parts. An upper bound will be determined for

the number of clear fields with a y-dimension of zero and for those with a y-dimension

greater than zero.

To count the number of clear fields with a y-dimension of zero, note that walking

straight starting at a vertex of degree five eventually reaches exactly one vertex of

degree five. (To prove this fact by contradiction, assume no vertex of degree five is

reached, so the straight walk has infinite length. Since the number of arcs in the

fullerene is finite, some arc of the straight walk must be repeated. However, to repeat

the arc, the straight walk must have passed through the originating vertex of degree

five where the straight direction is not defined.) Because the straight walk must arrive

at a vertex of degree five, it corresponds with a clear field if the final vertex of degree

five is not the originating vertex of degree five. There are five choices of a straight

walk for each of the twelve pentagons for a total of 60 choices of such a straight walk.

Any clear field with a y-dimension of zero corresponds to two of these walks, so an

upper bound is 30.

The number of clear fields with a y-dimension greater than zero are counted by

considering their wide right turns. Choose one of the n/2− 10 dual vertices of degree

six. For this vertex, choose one of the six pairs of one exiting arc and one entering arc

that correspond to a wide right turn. At most one clear field uses this wide right turn
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because walking straight from the exiting arc reaches at most one vertex of degree

five and there is at most one way to walk straight from a vertex of degree five and

reach the entering arc of the turn. Each clear field with a y-dimension greater than

zero uses two of these 6(n/2 − 10) choices of a wide right turn, so an upper bound is

3(n/2 − 10).
Combining the two bounds gives a maximum number of 3n/2 clear fields.

The previous theorem shows that the number of clear fields is in O(n). There is

an infinite family of fullerenes each with a linear number of clear fields (with respect

to n). The first three members of this family are shown in Figure 3.12. The fourth

member is shown in Figure 3.10(b). A fullerene exists in this family for each value of

n = 24 + 12k for k ≥ 0 and a face spiral [25, 2.5] locates the pentagons at positions:

0, 1, 2, 3, 4, 6, (n/2) − 5, (n/2) − 3, (n/2) − 2, (n/2) − 1, (n/2), (n/2) + 1.

Such a fullerene has k+1 clear fields between the same two quintants: one quintant of

the pentagon at position 6 (labeled a in Figures 3.12 and 3.10(b)) and one quintant of

the pentagon at position (n/2)− 5 (labeled b). The k + 1 clear fields have dimensions

(6i + 1, k − i) for 0 ≤ i ≤ k. Thus, some fullerenes have a linear number of clear fields.

This is why when designing a method for arbitrary fullerenes, restricting the work to

proper clear fields is beneficial as shown by the following result.

Theorem 3.2.8. The number of proper clear fields is in O(lgn).

Proof. Let k be the number of proper clear fields between a quintant Qa of a vertex a

of degree five and a quintant Qb of another vertex b of degree five. Denote these k clear

fields as C1, C2, . . . , Ck with Ci having dimensions (xi, yi). Fixing a as the origin (0,0)
and using Qa, assign coordinates to the dual vertices (see Figure 3.6). A counter-

intuitive situation emerges. Because C1 pairs a and b using Qa with dimensions

(x1, y1), b receives coordinate (x1, y1). Similarly, C2 pairs a and b using Qa with

dimensions (x2, y2), so b also receives coordinate (x2, y2). This also holds for clear

fields C3, C4, . . . Ck, so b receives coordinates (x1, y1), (x2, y2), . . . , (xk, yk).
The y-dimensions of clear fields C1, C2, . . .Ck must be unique because no two clear

fields may share a wide right turn, as in the proof of Theorem 3.2.7. Likewise, the

x-dimensions must be unique. Order the clear fields such that y1 < y2 < . . . < yk.

Consider two of these clear fields with y-dimensions yi and yj such that yi < yj.

This non-intuitive situation is shown in Figure 3.13. Figure 3.13(a) shows clear field

Ci that starts at a with coordinate (0,0), goes straight to (0, yi) where it makes a
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a

b

(a) For k = 0, n = 24 with clear field
(1,0)

a

b

(b) For k = 1, n = 36 with clear fields (7,0)
and (1,1)

a b

(c) For k = 2, n = 48 with clear fields (13,0), (7,1),
and (1,2)

Figure 3.12: The first three fullerenes in an infinite family having n = 24 + 12k and
k + 1 clear fields pairing pentagons a and b. The x-axis (dashed) and y-axis (dotted)
of the quintant at a is shown.

wide right turn and continues straight along the path marked B to b at (xi, yi). At

b, Ci makes a sharp right turn and continues straight to (xi,0) where it makes a

wide right turn and continues straight along the path marked A to return to a at

(0,0). Figure 3.13(b) shows clear field Cj in a more typical illustration that shows

the tight right turns at a (0,0) and b (xj, yj) and the wide right turns at (0, yj) and
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(xj,0). Figure 3.13(c) combines these figures to show the full picture, which must be

as shown because Ci and Cj both share quintants Qa and Qb.

To show that xi > xj, assume for contradiction that xi < xj. In this case, the dual

vertex at (xi, yi) is in the interior of Cj, which implies the dual vertex at (xi, yi) has
degree six. Because Ci pairs a and b, the dual vertex at (xi, yi) is b, which has degree

five, which provides the contradiction. Therefore, xi > xj.

The subwalk of Ci from b to a makes its wide right turn at (xi,0). Therefore, the
x-axis of a meets the y-axis of a at the dual vertex at coordinate (xi −xj,0), which is

also (0, yj −yi) because Ci and Cj share Qa and Qb (see Figure 3.13(c)). Clear field Ci

is a proper clear field, so it contains no repeated dual vertices. Therefore the vertex

at (0, yj − yi) is not one of the dual vertices at coordinates (0,0) through (0, yi), so
yj − yi > yi, which implies 2yi + 1 ≤ yj. This gives 2k−1(y1 + 1)− 1 ≤ yk, which simplifies

to 2k−1 − 1 ≤ yk because y1 ≥ 0. Clear field Ck is a proper clear field, so yk ≤ n/2 − 10,

the number of vertices of degree six. Therefore, 2k−1 < n/2, which gives k < lgn.

There is a constant number of quintant pairs so the total number of proper clear

fields is in O(lgn).

This completes the necessary background to describe an algorithm to find a max-

imum independent set of a fullerene.
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a

b

(x ,0)i

(0,y ) i

(0,0) 

(x ,y )i i

A
A

B
B

(a) Clear field Ci

a

b

(x ,0)j

(0,y ) j

(0,0) 

(x ,y )j j

(b) Clear field Cj

(c) Both Ci and Cj

Figure 3.13: Diagram for the proof of Theorem 3.2.8. Some coordinates are labeled,
using a as the origin. Lines of the same style represent the same distance. Arrows
represent the continuation of a straight walk with the matched ends identified by
letters A and B.



Chapter 4

A Maximum Independent Set

Algorithm

I
n his comments, Graver hinted at an algorithm for arbitrary fullerenes that con-

structs a maximum independent set by pairing the pentagons:

“For an arbitrary fullerene, one could compute the size of the maxi-

mum independent set given by each of the 10395 possible pairings of its

pentagonal faces and select the largest. There should be some way to

quickly eliminate many pairings from consideration, leading to a reason-

able algorithm for computing the independence number of an arbitrary

fullerene.” [31, p. 862]

The approach presented here follows this remark in that it is concerned with

pairing the pentagons, but it overlooks some of the complexities. The count of 10395

ways to select six pairs of pentagons does not take into account the fact that the

number of clear fields between two pentagons can be anywhere from zero up to a

linear number in terms of n.

4.1 Algorithm Overview

The results of Chapter 3 show that a Graver coloring yields a pairing of the dual

vertices of degree five using six proper clear fields (Theorem 3.2.5) that do not have

any dual vertices in common (Theorem 3.2.4) and whose penalties together maximize

∣W ∣ by minimizing the sum of the penalties (Equation (3.2)). Such a selection of six

clear fields and their colors is called an optimal pairing. Each of the six clear fields in

an optimal pairing is colored white or black and the colors of five of the clear fields can

be determined (by Theorem 3.2.1) if the color of the first is known. This is because

the vertices not in the clear field subgraph of a pairing clear field must be white or

black.

Consider a set of six proper clear fields with no two sharing a dual vertex. The set

must pair the twelve vertices of degree five because each clear field pairs two vertices

of degree five and no two clear fields have such a vertex in common. There are two

ways to color the clear fields in the set. The first of these colorings can be obtained
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by choosing one of the six clear fields and coloring it white and determining the colors

of the other five clear fields using Theorem 3.2.1. The second of these colorings can

be obtained from the first by switching the colors of all of the clear fields.

To find an optimal pairing, every choice of six proper clear fields with no dual

vertices in common is considered. Theorem 3.2.8 implies that there are O(lg6 n) such
sets. For each set, the two possible colorings are determined and the penalty of each

coloring is computed. Out of all possible sets and colorings, one with the minimum

penalty is remembered because it is an optimal pairing.

A Graver coloring can be constructed from an optimal pairing. First, choose a

pairing path for each of the six clear fields. One primal vertex incident to each of

the primal edges corresponding to a dual edge on a pairing path is colored gray. The

remaining vertices are colored white and black such that no two whites or blacks are

adjacent and such that the clear fields receive the colors indicated by the optimal

pairing.

The algorithm presented here takes the following procedure, which is broken into

four phases:

Phase 1 ( 4.2): Discover all of the proper clear fields by locating their dimensions

and positions in the fullerene.

Phase 2 ( 4.3): Determine whether or not each pair of proper clear fields shares a

dual vertex.

Phase 3 ( 4.4): Find an optimal pairing by considering each set of six proper clear

fields such that no two clear fields share a dual vertex. This involves the fol-

lowing steps:

1. For each set of six proper clear fields, determine the color and then penalty

for each clear field assuming the clear field with pentagon 0 in its clear field

subgraph is white. Compute the total penalty of all six clear fields.

2. Compute the total penalty of all six clear fields obtained by switching the

color of all of the clear fields in the previous step.

3. If either of the total penalties computed in the previous two steps is the

smallest so far, remember the selection of six clear fields and the coloring.

Phase 4 ( 4.5): Construct a maximum independent set using the optimal pairing

discovered in the previous phase.
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(0,8)
(1,7)

(3,4) (7,2)

(8,0)

(a) Primal

(0,8)

(1,7)

(3,4) (7,2)

(8,0)

(b) Dual

Figure 4.1: Part of a fullerene corresponding to a quintant of the lower left pentagon.
Five pentagons are labeled by the coordinate system for the quintant, shown in both
the primal and dual.

The input for the algorithm is a rotation system for the fullerene. It is assumed

that the corresponding dual rotation system has been computed and is also available

to the algorithm. It is also assumed that the twelve pentagonal faces have been

located and have an arbitrary fixed numbering with labels 0 through 11.

4.2 Phase 1: Discover All Proper Clear Fields

The first phase of the algorithm is to discover all of the proper clear fields. The

algorithm is quite complicated and is best explained in three parts, adding details

each time. First, Section 4.2.1 gives an algorithm to locate all of the (not necessarily

proper) clear fields in O(n2) time. Section 4.2.2 adds restrictions to the logic in order

to locate only the proper clear fields in O(n2) time. Finally, Section 4.2.3 gives an

algorithm that uses some tricks to reduce the running time to O(n).

4.2.1 All Clear Fields in O(n2) Time

Each clear field corresponds to two quintants, one for each of its two vertices of degree

five. To locate the clear fields, each of the 60 quintants is scanned to discover all of the

clear fields that use it. In this way, each clear field is discovered twice. Figure 4.1(a)

shows an example of a quintant of the lower left pentagon along with the coordinates

of five other pentagons and Figure 4.1(b) shows the same on the dual. In order to

have two uniquely defined quintants for each clear field (one per vertex of degree

five), clear fields were defined to have an x-dimension of at least one. The clear field
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foreach Pentagon fromPent← 0 to 11 do /* Pents numbered arbitrarily */1

foreach Quintant do /* 5 quintants of current pentagon */2

ScanQuintantAllCFs ();3

Algorithm 4.1: An O(n2) algorithm for discovering all clear fields of a fullerene.

ScanQuintantAllCFs () begin

MaxX ←∞; MaxY ← 0;4

y ← 1; currentFace← face at (0, y) ; /* Discover the y-axis */5

while currentFace is not a pentagon do6

MaxY ←MaxY + 1;7

y ← y + 1; currentFace← face at (0, y);8

for y ← 0 to MaxY do /* Loop through y-axis faces */9

currentFace← face at (0, y);10

ScanYValueAllCFs (); /* Begin the y-value scan for y */11

end

ScanYValueAllCFs () begin

x← 0;12

while x ≤MaxX do /* Rule 1: Loop in x-direction, stop at MaxX */13

x← x + 1;14

currentFace← face at (x, y) ; /* Visit next face in x-direction */15

if currentFace is a pentagon then /* Rule 2: Detect clear fields */16

toPent← currentFace’s pentagon number (0 to 11);17

if fromPent < toPent then Record clear field (x, y);18

MaxX ← x − 1;19

end

with the pentagon at coordinate (0,8) in Figure 4.1(a) is not in the quintant shown,

but would receive dimensions (8,0) in the counter-clockwise adjacent quintant. The

other four pentagons at coordinates (1,7), (3,4), (7,2), and (8,0) each correspond

to a clear field for the given quintant.

The algorithm discovers clear fields for a given quintant in order of increas-

ing y-dimension, with pseudo-code given in Algorithm 4.1 that includes Procedures

ScanQuintantAllCFs and ScanYValueAllCFs. For each of the twelve pentagons, the

algorithm does a quintant scan (Procedure ScanQuintantAllCFs) for each of its five

quintants. To begin scanning a quintant, values MaxX and MaxY are initialized on

Line 4. The value MaxX, which represents the maximum x-dimension that a clear

field can have, is set to infinity. In Lines 5-8, the algorithm locates the y-axis of the

quintant to record its location and its length, thereby determining MaxY . This is

done by visiting the faces (using the dual graph) at coordinates (0,1), (0,2), . . . until
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a pentagon is reached. The value MaxY is set to be the largest value such that the

faces at coordinates (0,1) through (0,MaxY ) are all hexagons.

The algorithm proceeds by visiting the dual vertices of the y-axis in order from

(0,0) through (0,MaxY ) (Line 9). A y-value scan is then performed at each y-value

so that a quintant scan includes a y-value scan from each location on the y-axis

(Procedure ScanYValueAllCFs). The y-value scan leaves the y-axis and continues

along an x-direction walk to visit each dual vertex (x, y) for x = 1,2, . . . until it is

stopped by one of the following two rules:

Rule 1: If x > MaxX then do not visit the face at (x, y), but instead increment y

and begin the next y-value scan.

Rule 2: If the face at (x, y) is a pentagon, then:

If the pentagon at (x, y) is not the same pentagon as at (0,0), then a

clear field with dimensions (x, y) exists with this pentagon and should

be recorded if it is not recorded already (recall that each clear field is

discovered twice).

Set MaxX to x − 1.

These two rules work together to ensure that MaxX always stores the largest al-

lowable x-dimension for the current y-value and that this limit is never exceeded.

When Rule 2 lowers the value of MaxX, Rule 1 is triggered when x is incremented

to prepare a visit to the next face for the current y-value.

Here is an example of the algorithm’s execution when scanning the quintant shown

in Figure 4.1. It begins with some initialization that sets MaxX to ∞ and locates

the y-axis as faces (0,0) through (0,7) because (0,8) is a dual vertex of degree five.

This sets MaxY to 7. Beginning the the y-value scan at y = 0, the algorithm visits

the coordinates in order from (0,0) through (8,0), where it finds a vertex of degree

five (Rule 2) and records a clear field having dimensions (8,0). The algorithm sets

MaxX = 7 because no clear fields can have a y-dimension greater than 0 and an

x-dimension greater than 7 because the pentagon at (8,0) would be located in the

clear field subgraph of such a clear field. Next, the y-value scan at y = 1 begins and

visits (0,1) through (7,1), at which point x = MaxX and it stops (Rule 1). The

y-value scan at y = 2 locates the degree five vertex at (7,2) (Rule 2), records the clear
field, and sets MaxX = 6. The y-value scan at y = 3 ends due to Rule 1. At y = 4, the

y-value scan locates the clear field with dimensions (3,4) and sets MaxX = 2. The

y-value scans at y = 5 and y = 6 both end due to Rule 1 and at y = 7, the clear field
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(1,7) is recorded and MaxX is set to 0 (Rule 2). The quintant scan is now complete

because a y-value scan occurred at each location on the y-axis.

Rule 1 is implemented by Line 13 and Rule 2 is implemented by Lines 16-19. To

ensure that each clear field is only recorded once, the clear field is only recorded if

fromPent, the pentagon number (0 to 11) of the source pentagon at (0,0), is smaller

than toPent, the number of the discovered pentagon at (x, y). This also ensures

that the pentagons at (0,0) and (x, y) are different pentagons, as required for a clear

field. In the example, if the pentagon at (0,0) had be scanned after any or all of the

pentagons at (8,0), (7,2), (3,4) or (1,7), then the corresponding clear fields would

have already been recorded when such scans located the pentagon at (0,0) and Rule

2 would cause them not to be recorded a second time here.

There is at most one clear field per y-value and if a pentagon is found, at (x, y) then
any clear field at a larger y-value must have a smaller x-value because the pentagon at

(x, y) cannot be in the clear field subgraph of another clear field. Thus, Rules 1 and 2

guarantee that every clear field subgraph contains only two pentagons because when

a pentagon is found, MaxX is lowered. This ensures that every pentagon that is

found corresponds with a clear field. Furthermore, the algorithm scans every y-value

for each quintant so that the algorithm discovers every clear field of the fullerene.

In order to show that the time complexity of Algorithm 4.1 is in O(n2), a lemma

is given regarding the length of the x-axis.

Lemma 4.2.1. Given a quintant, the length of the x-axis visited by Algorithm 4.1 is

in O(n).

Proof. Recall that the x-axis begins at the pentagon at (0,0) and continues in the

straight direction, visiting the hexagons at (1,0), (2,0), (3,0), . . . until a pentagon

is reached at some location (x,0). The faces at (0,0) and (x,0) are the only two

pentagons (possibly the same) on the x-axis.

Let ai be the arc that is followed from the dual vertex at (i,0) to (i+ 1,0) for 0 ≤
i < x. The claim is that ai is contained in the x-axis at most once. For contradiction,

suppose that some arc ai is contained in the x-axis twice. Let aj be the second such

occurrence (i < j). Because the x-axis is straight, ai−k must be the same as aj−k for

any 0 ≤ k ≤ i, so a0 must be the same as aj−i. The face at (0,0) is a pentagon, which

implies that the face at (j−i,0) is the same pentagon. This is a contradiction because

0 < j − i < x so the face at (j − i,0) must be a hexagon.

Therefore, the arcs of the x-axis must be unique and because the number of dual

arcs of a fullerene is in O(n), the length of the x-axis must be in O(n).
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The following lemma gives the same result as the previous lemma, but for the

y-axis. The proof uses the same logic as in the previous lemma and is therefore

omitted.

Lemma 4.2.2. Given a quintant, the length of the y-axis visited by Algorithm 4.1 is

in O(n).

These two lemmas give the following complexity result.

Theorem 4.2.3. The time complexity of Algorithm 4.1 is in O(n2).

Proof. There are 60 quintants and for each quintant scan it follows from Lemma 4.2.2

that the number of y-value scans is in O(n). Each quintant scan begins with MaxX

set to∞. It follows from Lemma 4.2.1 that after the y-value scan at y = 0 is complete,

the value of MaxX is in O(n) and MaxX + 1 faces were visited during the y-value

scan. Rule 1 ensures that no more than MaxX faces are visited in each subsequent

y-value scan. Thus, the number of faces visited in each of the y-value scans is in

O(n). Therefore, the time complexity of each quintant scan is in O(n2). A constant

number of quintant scans gives the result.

4.2.2 All Proper Clear Fields in O(n2) Time

Algorithm 4.1 gave a procedure to find all of the clear fields in a fullerene. This

section adds two additional rules in order to limit the clear fields to only proper clear

fields. The pseudo-code for discovering all of the proper clear fields in O(n2) time is

given in Algorithm 4.2 after some new theoretical results are presented.

Let a be the pentagon being scanned during a quintant scan and suppose a clear

field to pentagon b is found. This clear field �� ��ab is a proper clear field if and only

if it contains no repeated dual vertices. That is, �� ��ab is a proper clear field if and

only if all of the following conditions are true:

Condition 1: Walk
Ð→
ab contains no repeated dual vertices.

Condition 2: Walk
Ð→
ab shares no dual vertices with walk

Ð→
ba other than a and b.

Condition 3: Walk
Ð→
ba contains no repeated dual vertices.

The following two theorems apply to any clear field in a fullerene, not just those

that are in an optimal solution. Theorem 4.2.4 shows that Condition 1 implies Condi-

tion 3, rendering it unnecessary to independently verify the latter when determining

if a clear field is proper or not. Theorem 4.2.5 shows that given that Condition 1 is

true, Condition 2 can be relaxed to something easier for the algorithm to verify.
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Theorem 4.2.4. Let �� ��ab be a clear field in a fullerene with dimensions (x, y) such
that walk

Ð→
ab contains no repeated dual vertices. Then walk

Ð→
ba contains no repeated

dual vertices.

Proof. If y = 0 then the proof is trivial because
Ð→
ab and

Ð→
ba contain the same set of dual

vertices. Henceforth, assume y > 0.

Define the coordinate system for �� ��ab to be (0,0) at a. Then b is at coordinate

(x, y),
Ð→
ab makes its wide right turn at (0, y) and

Ð→
ba makes its wide right turn at (x,0).

Let walk
Ð→
ab1 be the subwalk of

Ð→
ab that contains the first y + 1 dual vertices. Let

walk
Ð→
ab2 be the subwalk of

Ð→
ab that contains the last x+1 dual vertices. The only dual

vertex in common with
Ð→
ab1 and

Ð→
ab2 is the one at coordinate (0, y), which is the last

dual vertex of
Ð→
ab1 and the first of

Ð→
ab2. Let u0, u1, . . . , ux+y be the dual vertices visited

by
Ð→
ab such that

Ð→
ab1 contains u0 through uy and

Ð→
ab2 contains uy through ux+y.

Similarly, define walks
Ð→
ba1 and

Ð→
ba2 to contain the first y + 1 and last x + 1 dual

vertices of
Ð→
ba, respectively. Let v0, v1, . . . , vx+y be the dual vertices visited by

Ð→
ba such

that
Ð→
ba1 contains v0 through vy and

Ð→
ba2 contains vy through vx+y.

This proof is broken into three parts: (i) it is shown that the dual vertices of
Ð→
ba1

are unique, (ii) it is shown that the dual vertices of
Ð→
ba2 are unique, and (iii) it is

shown that the only dual vertex in common between
Ð→
ba1 and

Ð→
ba2 is vy at coordinate

(x,0) where
Ð→
ba makes its wide-right turn.

(i) It will now be shown that the dual vertices of
Ð→
ba1 are unique. For contradiction,

suppose
Ð→
ba1 contains the the same dual vertex twice. This assumption will give the

contradiction that the vertices of
Ð→
ab1 are not unique.

Choose i and j such that 0 < i < j ≤ y and i is the smallest value such that dual

vertices vi and vj are two copies of a repeated vertex in
Ð→
ba1. That is, vi ≡ vj.

There are six cases to consider, based on how many clockwise positions arc

(vj−1, vj) is after arc (vi−1, vi). First, the cases for zero and three clockwise posi-

tions are ruled out.

Case 0 clockwise positions: Here, arc (vj−1, vj) is the same as arc (vi−1, vi). In

this case, vi−1 ≡ vj−1, which contradicts the assumption that i and j are the

smallest values such that vi ≡ vj.

Case 3 clockwise positions: Here, arc (vj−1, vj) is three clockwise positions after

arc (vi−1, vi). Let k = ⌊(j − i)/2⌋. In this case, vi+1 ≡ vj−1, vi+2 ≡ vj−2, . . .,

vi+k ≡ vj−k. This is an impossible situation because
Ð→
ba1 is a straight walk.

Four cases remain to be considered. First, note that walk
Ð→
ab1 begins at a ≡ u0

and goes in the straight direction to uy, running in a sense parallel to
Ð→
ba1 but in the
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opposite direction. Dual vertex uy−i is the dual vertex of
Ð→
ab1 that corresponds with

vi in that they both receive the same y-coordinate. Similarly, uy−j corresponds with

vj.

The remaining four cases are pictured in Figure 4.2 with dual vertices a, b, uy,

uy−i, uy−j, and vi ≡ vj labeled as well as some other case-specific dual vertices. Each

case contains a shaded parallelogram-shaped region that arises from the clear field

overlapping itself and has x + 1 dual vertices and x arcs on each side.

Case 1 clockwise position [Figure 4.2(a)]: Here, arc (vj−1, vj) is one clockwise

position after arc (vi−1, vi). In this case, vertex uy−i+x ≡ uy−j. Because i < j,

y − i + x > y − j, so the vertices of
Ð→
ab1 are not unique, which provides the

contradiction.

Case 2 clockwise positions [Figure 4.2(b)]: Here, arc (vj−1, vj) is two clockwise

positions after arc (vi−1, vi). In this case, vertex uy−i+2x ≡ uy−j−x. Because i < j,

y − i + 2x > y − j − x, so the vertices of
Ð→
ab1 are not unique, which provides the

contradiction.

Case 4 clockwise positions [Figure 4.2(b)]: Here, arc (vj−1, vj) is four clockwise
positions after arc (vi−1, vi). In this case, vertex uy−i−x ≡ uy−j+2x. It must be that

y−i−x > y−j+2x because the dashed loop in the figure cannot have zero length.

Thus, the vertices of
Ð→
ab1 are not unique, which provides the contradiction.

Case 5 clockwise positions [Figure 4.2(b)]: Here, arc (vj−1, vj) is five clockwise

positions after arc (vi−1, vi). In this case, vertex uy−i ≡ uy−j+x. It must be that

y − i > y − j + x because the dashed loop in the figure cannot have zero length.

Thus, the vertices of
Ð→
ab1 are not unique, which provides the contradiction.

This concludes the proof of part (i).

(ii) An argument very similar to that in part (i) can be used to show that the

dual vertices of
Ð→
ba2 are unique.

(iii) To show that walks
Ð→
ba1 and

Ð→
ba2 have only vertex vy in common, the opposite

is assumed and a contradiction is reached. That is, suppose dual vertices vi and vj

are the same for 0 < i < y < j < x + y. Six cases are considered based on the number

of clockwise positions arc (vj−1, vj) is after arc (vi−1, vi).

Case 1 clockwise position [Figure 4.3(a)]: Here, arc (vj−1, vj) is one clockwise

position after arc (vi−1, vi). Vertex vi is at coordinate (x, y − i) and vj is at
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a

b

uy

vi, vj

uy−j, uy−i+x
uy−i

(a) 1 clockwise position

a

b

uy

vi, vj

uy−j−x, uy−i+2x

uy−j

uy−i

(b) 2 clockwise positions

a

b

uy

vi, vj

uy−i

uy−i−x, uy−j+2x

uy−j

(c) 4 clockwise positions

a

b
uy−j+x, uy−i

uy−j

vi, vj

uy

(d) 5 clockwise positions

Figure 4.2: Diagrams for the proof of Theorem 4.2.4 part (i) labeled with the number
of clockwise positions arc (vj−1, vj) is after arc (vi−1, vi). Some dual vertices are

labeled. The dashed and solid lines represent
Ð→
ab and

Ð→
ba, respectively. Black arrows

on the dashed (solid) line indicate the dual vertex of
Ð→
ab1 (

Ð→
ba1) that is distance i from

uy (b). Similarly, the white arrows represent distance j. For clarity, dash-dot lines
connect vi with uy−i or vj with uy−j.
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coordinate (x + y − j,0). The number of clockwise positions implies that b is

inside the clear field (at coordinate (x + y − j, y − i)), for a contradiction.

Case 2 clockwise positions [Figure 4.3(b)]: Here, arc (vj−1, vj) is two clockwise

positions after arc (vi−1, vi). Vertex vi is at coordinate (x, y − i) and vj is at

coordinate (x + y − j,0). The number of clockwise positions implies that
Ð→
ba

crosses
Ð→
ab at vj+i, which is at coordinate (x + y − j − i,0). Thus, b is inside the

clear field (at coordinate (x + y − j − i, y − i)), for a contradiction.

Case 3 clockwise positions [Figure 4.3(c)]: Here, arc (vj−1, vj) is three clock-

wise positions after arc (vi−1, vi). In this case,
Ð→
ba continues in the straight

direction from vj and must therefore reach b at vj+i, which cannot result in a

clear field and is a contradiction.

Case 4 clockwise positions [Figure 4.3(d)]: Here, arc (vj−1, vj) is four clockwise
positions after arc (vi−1, vi). In this case, Euler’s formula shows that there must

be three pentagons in the shaded region, but that region is inside the clear field,

which is a contradiction.

Case 5 clockwise positions [Figure 4.3(e)]: Here, arc (vj−1, vj) is five clockwise

positions after arc (vi−1, vi). In this case, Euler’s formula shows that there must

be four pentagons in the shaded region, but that region is inside the clear field,

which is a contradiction.

Case 0 clockwise positions [Figure 4.3(f)]: Here, arc (vj−1, vj) is zero clockwise

positions after arc (vi−1, vi). This situation is impossible, because b must be the

same as vj−i and the straight direction is not defined through a hexagon.

A contradiction was reached in each case, so the proof is complete.

Theorem 4.2.5. Let �� ��ab be a clear field in a fullerene with dimensions (x, y) such
that �� ��ab contains a repeated vertex and walk

Ð→
ab contains no repeated dual vertices.

Let u0, u1, . . . , ux+y be the dual vertices visited by
Ð→
ab and let v0, v1, . . . , vx+y be the dual

vertices visited by
Ð→
ba. Then the following hold:

(i) There is a choice of 1 ≤ k1 ≤ y and y ≤ `1 ≤ x + y − 1 such that uk1 ≡ v`1 and arc

(v`1 , v`1+1) is 1 clockwise position after arc (uk1−1, uk1).

(ii) There is a choice of y ≤ k2 ≤ x + y − 1 and 1 ≤ `2 ≤ y such that uk2 ≡ v`2 and arc

(uk2 , uk2+1) is 1 clockwise position after (v`2−1, v`2).
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b

vi, vj

vy

ux+y−j

(a) 1 clockwise position

b

vi, vj

vy

vj+i, ux+y−i

ux+y−j−i

(b) 2 clockwise positions

b

vi, vj

vy

(c) 3 clockwise
positions

b

vi, vj

vy

(d) 4 clockwise posi-
tions

b
vi, vj

vy
(e) 5 clockwise posi-
tions

b

vi, vj

vy

(f) 0 clockwise posi-
tions

Figure 4.3: Diagrams for the proof of Theorem 4.2.4 part (iii) labeled with the number
of clockwise positions arc (vj−1, vj) is after arc (vi−1, vi). Some dual vertices are

labeled. Solid lines represent
Ð→
ba and dashed lines

Ð→
ab with arrows indicating �� ��ab’s

clockwise direction.

That is, �� ��ab must have the situation pictured in Figures 3.10 and 3.11.

Proof. From Theorem 4.2.4, walk
Ð→
ba contains no repeated dual vertices. The proof of

Theorem 3.2.5 considers the situation in which �� ��ab contains a repeated dual vertex,

yet
Ð→
ab contains no repeated dual vertices and

Ð→
ba contains no repeated dual vertices.

There the conclusion is as stated and is not reproduced here.
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Figure 4.4: A y-axis sharing a dual vertex with itself

The strategy to eliminate non-proper clear fields is to create two additional rules.

Rule 3 will be created to ensure Condition 1: walk
Ð→
ab contains no repeated dual

vertices. Rule 4 will be created to ensure Condition 2 given that Condition 1 holds:

walks
Ð→
ab and

Ð→
ba have only a and b in common given that walk

Ð→
ab contains no repeated

dual vertices.

First, Rule 3 is created to ensure that walk
Ð→
ab contains no repeated dual vertices.

The dual vertices in
Ð→
ab are those along the y-axis from (0,0) to (0, yab) then along

the y-value scan from (0, yab) to (xab, yab). To ensure that none of these vertices are

repeated, the algorithm does the following three things:

1. Ensure that no face is included in the y-axis more than once. Figure 4.4 shows

an example of the y-axis containing a repeated dual vertex.

2. Ensure that the y-value scan that began at (0, y) does not visit a face that was

previously visited during the same y-value scan.

3. Ensure that the y-value scan that began at (0, y) does not visit a face on the

y-axis with a y-value smaller than y.

These three items become Rule 3 as follows.

Rule 3: This rule is composed of three parts:

Rule 3a: Set MaxY to be the largest value such that the faces at (0,1), (0,2),
. . ., (0,MaxY ) are each unique hexagons.

Rule 3b: During a y-value scan, if x is incremented such that the face at (x, y)
was already visited during the y-value scan, then set MaxX to x−1. Note

that Rule 1 will cause the y-value scan to end here.

Rule 3c: During a y-value scan, if x is incremented such that the face at (x, y)
is a location (0, yx) on the y-axis of the quintant such that 0 < yx < y, then

set MaxX to x − 1. Note that Rule 1 will cause the y-value scan to end

here.
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It turns out that Rule 3c is unnecessary due to Rules 1, 2, 3a and 3b because in

the cases in which it applies, the other rules will be sufficient for guaranteeing that

no clear field is detected with an x value larger than where the y-axis was met. The

following proof formalizes the argument by considering all possible cases.

Theorem 4.2.6. The implementation of Rules 1, 2, 3a, and 3b render Rule 3c un-

necessary; no non-proper clear fields will be detected at a result of omitting Rule 3c.

Proof. To show that Rule 3c is unnecessary, consider the state of the algorithm at

which time Rule 3c would be in effect. The algorithm must have just incremented x

such that the face at (x, y) is a face at (0, yx) on the y-axis of the quintant such that

0 < yx < y. The face (x, y) ≡ (0, yx) was visited immediately after the visit to (x−1, y).
There are six cases to considered that correspond to the number of clockwise positions

that the arc from (x − 1, y) to (x, y) is after the arc from (0, yx − 1) to (0, yx). In

each case, it is assumed that the faces located at (i, j) for 0 ≤ i ≤ x and 0 ≤ j ≤ y

are hexagons, otherwise Rule 2 would have set MaxX < x and (x, y) would not be

visited by the algorithm. Knowledge that these faces are hexagons provides necessary

information about the fullerene geometry.

Case 1 clockwise position [Figure 4.5(a)]: The arc from (x − 1, y) to (x, y) is

1 clockwise position after the arc from (0, yx − 1) to (0, yx) so the fullerene

geometry implies (x, y−i) ≡ (0, yx−i) for all 0 ≤ i ≤ yx. In particular, (x, y−yx) ≡
(0,0), which is the dual vertex a that corresponds to a pentagon. The fact that

the algorithm visited (x, y) implies that the face at (x, y − yx) ≡ (0,0) is a

hexagon, otherwise Rules 1 and 2 would have prevented the visit to (x, y). This
is a contradiction so this situation can never occur.

Case 2 clockwise positions [Figure 4.5(b)]: The arc from (x − 1, y) to (x, y) is
2 clockwise positions after the arc from (0, yx − 1) to (0, yx) so the fullerene

geometry implies (x + i, y − i) ≡ (0, yx − i) for all 0 ≤ i ≤ yx. In particular,

(x+yx, y−yx) ≡ (0,0), which is the dual vertex a that corresponds to a pentagon.

This means MaxX < x + yx due to Rule 2 from the y-value scan that began

at (0, y − yx). Also, (x + j, y) ≡ (j, yx − j) for all 0 ≤ j ≤ yx and the faces at

these coordinates must be hexagons because they were previously visited by

the algorithm. Therefore, no clear field can exist with dimensions (x + j, y) for
1 ≤ j ≤ MaxX so ignoring Rule 3c’s detection of (x, y) ≡ (0, yx) does not lead
to the discovery of a clear field during the execution of the algorithm for the

given y-value. It also does not cause problems when the algorithm later uses a
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(0, yx), (x, y)

(0, y)

(0, y − yx)

(x, y − yx), (0,0)

(a) 1 clockwise position

(0, yx), (x, y)

(0, y)

(0, y − yx)

(x + yx, y − yx), (0,0)

(x + yx, y), (yx,0)

(b) 2 clockwise positions

(0, y)

(0, yx),
(x, y)

(c) 3 clockwise positions

(0, y)

(0, y − i)

(x, y − i), (0, yx + i)

(x, y), (0, yx)

(d) 4 clockwise positions

(0, yx), (x, y)

(0, y)

(x − yx, y), (yx,0)

(x − yx,0), (yx + y,0)

(e) 5 clockwise positions

(0, y)

(0,0)

(f) 0 clockwise positions

Figure 4.5: Illustrations for the proof of Theorem 4.2.6. The six situations in which a
y-value scan from (0, y) (solid) of length x can share a face at (0, yx) such that yx ≤ y.
Situation are labeled with the clockwise positions that the arc from (x−1, y) to (x, y)
is after the arc from (0, yx − 1) to (0, yx). Coordinates of selected faces are labeled.
The y-axis is dashed. Straight walks relevant to the proof (dotted) are drawn.
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y-value of y + ` for 0 > ` because (x + k, y + `) ≡ (`, yx − k) for all 0 ≤ k < yx (all

of which correspond to hexagons) and because MaxX < x + yx.

Case 3 clockwise positions [Figure 4.5(c)]: It is impossible for this case to occur

because having the arc from (x − 1, y) to (x, y) be 3 clockwise positions after

the arc from (0, yx − 1) to (0, yx) would require the face at (x − (y − yx), y) to
also be at (0, y), which would have caused MaxX = x − (y − yx) − 1 < x.

Case 4 clockwise positions [Figure 4.5(d)]: For brevity, let z = ⌊(y − yx − 1)/2⌋.
The arc from (x − 1, y) to (x, y) is 4 clockwise positions after the arc from

(0, yx − 1) to (0, yx) so the fullerene geometry implies (x, y − i) ≡ (0, yx + i) for
all 0 ≤ i ≤ z. For any choice of i in this range the faces at coordinates (0, y − i)
to (x, y − i) must all be hexagons because x ≤ MaxX. Also for any choice

of i, Euler’s formula [20] shows (using a method similar to that in the proof

of Theorem 3.2.5) that there are three pentagons in the fullerene subgraph

bounded by the faces in the straight direction from (0, y − i) to (x, y − i) ≡
(0, yx + i) then back up the faces of the y-axis to (0, y − i). Because the faces

at (0, y − z) to (x, y − z) are all hexagons, it must be that y − yx is even so

that the subgraph bounded by the faces at (0, y − z) to (x, y − z) ≡ (0, yx + z)
≡ (0, y − z − 2) then back up two faces of the y-axis to (0, y − z) contains three
pentagons. Since x ≤MaxX, the faces from (0, y−z−1) to (x, y−z−1) must all

be hexagons, but this is not possible because the face at (j, y−z−1) is adjacent
to both (j, y − z) and (x− j, y − z) for all 0 ≤ j ≤ ⌊x/2⌋, which leaves no possible

location for three pentagons. This is a contradiction so this situation can never

occur.

Case 5 clockwise positions [Figure 4.5(e)]: The arc from (x − 1, y) to (x, y) is
5 clockwise positions after the arc from (0, yx − 1) to (0, yx) so the fullerene

geometry implies (x−yx, y) ≡ (yx,0), a dual vertex on the x-axis and (x−yx, y−
i) ≡ (yx + i,0) for all 0 ≤ i ≤ y. In particular, (x − yx,0) ≡ (yx + y,0) so when

the algorithm visited (x − yx,0), it would have detected the previous visit to

the hexagon at (yx + y,0), triggering Rule 3b. This implies MaxX < x− yx < x,

which is a contradiction so this situation can never occur.

Case 0 clockwise positions [Figure 4.5(f)]: It is impossible for this case to occur

because having the arc from (x − 1, y) to (x, y) be the same as the arc from

(0, yx − 1) to (0, yx) would require the face at (x − yx, y) to also be at (0,0),
which is a pentagon so MaxX would have been set to at most x − yx.
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Create arrays FaceV isits and Y Axis of size n/2 + 2: hold info about face visits and1

y-axis;
foreach Pentagon fromPent← 0 to 11 do /* Pents numbered arbitrarily */2

foreach Quintant do /* 5 quintants of current pentagon */3

ScanQuintantProperCFs ();4

Algorithm 4.2: An O(n2) algorithm for discovering all proper clear fields of a full-
erene.

ScanQuintantProperCFs () begin

foreach Face f ← 0 to n/2+2 do /* Initialize array values */5

FaceV isits[f].x← null; FaceV isits[f].y ← null;6

Y Axis[f].y ← null; Y Axis[f].MaxXFromXAxis←∞;7

MaxX ←∞; MaxY ← 0;8

y ← 1; currentFace← face at (0, y) ; /* Discover the y-axis */9

while currentFace is not a pentagon AND Y Axis[currentFace].y ≠ null do10

/* Rule 3a: Unique hexagons only */

MaxY ←MaxY + 1;11

Y Axis[currentFace].y ← y;12

y ← y + 1; currentFace← face at (0, y);13

for y ← 0 to MaxY do /* Loop through y-axis faces */14

currentFace← face at (0, y);15

FaceV isits[currentFace].x← 0; FaceV isits[currentFace].y ← y;16

MaxX ←min(MaxX,Y Axis[currentFace].MaxXFromXAxis);17

ScanYValueProperCFs (); /* Begin the y-value scan for y */18

end

In summary, the cases of 1, 3, 4, 5, and 0 clockwise positions cannot occur and the

case of 2 clockwise positions does not cause the algorithm to change its output.

Now that Rule 3 has been specified and justified, the implementation is presented.

To implement Rule 3a, the algorithm records more information about the location

of the y-axis through the use of an array Y Axis created at the beginning of the

algorithm (Line 1) and initialized at the beginning of the quintant scan (Line 7).

When the y-axis is pre-walked at the beginning of the quintant scan, Y Axis stores

the y-value of each face on the y-axis (Line 12). Also during the pre-walking to set

MaxY , this array is checked (Line 10) to ensure that the faces at (0,1), (0,2), . . .,
(0,MaxY ) are each unique hexagons to satisfy Rule 3a.

To implement Rule 3b, the algorithm records more information as it visits each

face in order to later detect repeat visits. An array FaceV isits was added (Line 1)

and initialized (Line 6) for this purpose. The array stores the x- and y-values of

the most recent visit to the face (Lines 16 and 33). This information can be used
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ScanYValueProperCFs () begin

x← 0;19

while x ≤MaxX do /* Loop through x-direction */20

x← x + 1;21

currentFace← face at (x, y) ; /* Visit next face in x-direction */22

if currentFace is a pentagon then /* Detect & record clear fields */23

toPent← currentFace’s pentagon number (0 to 11);24

if fromPent < toPent then Record clear field (x, y);25

MaxX ← x − 1;26

else27

/* Rule 4: the y-value scan indicates a wrap-around here */

if wrap-around at currentFace then28

if y = 0 then /* x-axis indicates a wrap-around */29

Y Axis[currentFace].MaxXFromXAxis← x − 1;30

/* Rule 3b: currentface was prev visited by this y-value scan */

if FaceV isits[currentFace].y = y then31

MaxX ← x − 1;32

/* Record that (x, y) was visited */

FaceV isits[currentFace].x← x; FaceV isits[currentFace].y ← y;33

end

to determine if the currently visited face at (x, y) has been visited previously during

this y-value scan by checking if the face has already been marked as visited with the

same y-value (Line 31).

To finish this section, Rule 4 is explained. Rule 4 enforces the requirement that

walk
Ð→
ab shares no dual vertices with walk

Ð→
ba given that Rule 3 filters out the clear

fields in which walk
Ð→
ab contains a repeated dual vertex. From Theorem 4.2.5, if

Ð→
ab

contains no repeated dual vertices but shares dual vertices with
Ð→
ba other than a and

b, then it must be the situation pictured in Figures 3.10 and 3.11: a vertex of
Ð→
ba at

or after the wide right turn in
Ð→
ba must be the same as a vertex of

Ð→
ab at or before the

wide right turn in
Ð→
ab. In other words, after x̂ steps, the x-axis must meet the y-axis

such that a face receives both coordinates (x̂,0) and (0, yx̂) for some value yx̂ ≤ yab.

Furthermore, the arc from (x̂ − 1,0) to (x̂,0) must be 1 clockwise position after the

arc from (0, yx̂ − 1) to (0, yx̂).
One may say that in this case, the x-axis “wraps around” to meet the y-axis. The

following definition is given to formalize this concept for any y-value scan, not just

the x-axis. This provides a framework for Rule 4 that will also be used heavily in

Section 4.2.3.

Definition 4.2.7 (Wrap-around). A wrap-around occurs at (x, y) if, for some yx,

(x, y) ≡ (0, yx) and the arc from (x − 1, y) to (x, y) is 1 clockwise position after the
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(0, yx), (x, y)

(0, y)

(1, yx), (x + 1, y)

Figure 4.6: An illustration of a wrap-around at (x, y) ≡ (0, yx) during the y-value
scan from (0, y). The x-axis (dotted) and y-axis (dashed) are shown for reference.

arc from (0, yx − 1) to (0, yx).

In other words, the x-direction walk that left from (0, y) “wrapped around” the

fullerene’s surface to meet the y-axis at some location (0, yx) such that if the x-

direction walk continued (in the straight direction) it would follow the same arcs as

the x-direction walk that leaves from (0, yx). Figure 4.6 illustrates a wrap-around.

Rule 4 is concerned only with when a wrap-around occurs such that the x-axis

meets the y-axis at (x̂,0) ≡ (0, yx̂). Figure 4.7 shows examples in which the x-axis

wraps around to meet the y-axis. In Figure 4.7(a), an x-direction walk from a y-

value y < yx̂ discovers a proper clear field. However, in Figure 4.7(b), an x-direction

walk from a y-value y ≥ yx̂ discovers a non-proper clear field. In general, if a wrap-

around occurs for the x-axis, then for a clear field with y-dimension greater than or

equal to yx̂ to be a proper clear field, it can have an x-dimension of at most x̂ − 1.

Otherwise (Figure 4.7(b)), the clear field would not be proper because the hexagon at

(x̂,0) ≡ (0, yx̂) would be in both walks
Ð→
ab and

Ð→
ba. This logic yields the following rule,

which is checked during the y-value scan at y = 0 (when the x-axis is being walked):

Rule 4: If a wrap-around occurs at (x,0) ≡ (0, yx), then when the algorithm begins

a y-value scan at a y-value greater than or equal to yx, the algorithm will ensure

that MaxX is at most x − 1.
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(x̂,0), (0, yx̂)

(x̂, y)

(0, y)

(a) Proper clear field (y < yx̂)

(x̂,0), (0, yx̂)

(x̂, y)

(0, y)

(b) Non-proper clear field (y ≥ yx̂)

Figure 4.7: Examples for Rule 4 where the x-axis (dotted) wraps around to meet the
y-axis (dashed) and a later x-direction walk (solid) locates a pentagon. Solid vertical
lines complete the clear field.

To implement Rule 4, the algorithm adds a field MaxXFromXAxis to each array

element of the Y Axis array and these fields are initialized to ∞ for each face (Line

7). When the algorithm visits a face at (x, y), it checks if the location indicates a

wrap-around by checking if the current face is on the y-axis, at say (0, yx), and if the

the arc from (x−1, y) to (x, y) is 1 clockwise position after the arc from (0, yx −1) to
(0, yx) (Line 28). If the wrap-around occurs for the x-axis, when y = 0 (Line 29), then

the value MaxXFromXAxis is set to x − 1 for the y-axis location that corresponds

with the current face (Line 30). Then when the algorithm begins the y-value scan at

(0, yx), MaxX is lowered to the MaxXFromXAxis value that corresponds with yx,

if it is not already lower (Line 17).

The complexity of Algorithm 4.2 is the same as that of Algorithm 4.1. Algorithm

4.2 is just a restricted version of Algorithm 4.1. The additional checks take only

constant time and the initialization of the arrays takes linear time per quintant.

Therefore, the running time of Algorithm 4.2 is also in O(n2).

4.2.3 All Proper Clear Fields in O(n) Time

Algorithm 4.2 finds all proper clear fields in O(n2) time and this section discusses

modifications that improve the run-time to O(n). The pseudo-code for the modified
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a

b

c

(6,0), (0,2)

(6,1), (0,3)

(7,1), (1,3)
(8,1), (2,3)

(9,0), (3,2)

(10,0), (4,2)

(11, 0), (5,2)

Figure 4.8: Fullerene C60∶3 in which the y-value scans from a quintant of a at y = 0
(dash-dot) and y = 1 (dashed) indicate wrap-arounds at (6,0) ≡ (0,2) and (6,1) ≡
(0,3), respectively. The y-axis (dotted) is shown.

algorithm is given later in Algorithm 4.3.

To motivate the modifications, an example is given for which Algorithm 4.2 runs

poorly. Figure 4.8 gives a small example, which is representative of a situation com-

monly found in larger fullerenes. Algorithm 4.2 would do the following when scanning

the indicated quintant of a. At y = 0, the algorithm would visit the dual vertices from

(0,0) to (11, 0) (the dash-dotted walk), the last of which is labeled c and corresponds

to a pentagon, so a clear field with dimensions (11, 0) would be recorded and MaxX

is set to 10. At y = 1, the algorithm visits (0,1) to (8,1) (the dashed walk) and

discovers a proper clear field with b with dimensions (8,1) and sets MaxX = 7. At

y = 2, the algorithm visits (0,2) to (5,2) (re-walks the end of the dash-dotted walk)

and discovers a proper clear field with c with dimensions (5,2) and sets MaxX = 4.

At y = 3, the algorithm visits (0,3) to (2,3) (re-walks the end of the dashed walk)

and discovers a proper clear field with b with dimensions (2,3) and sets MaxX = 1.

Because the outer face (0,4) is a pentagon, the algorithm has finished scanning the

current quintant.

In this example, the y-value scan that begins at (0,0) follows an arc from (5,0) to
(6,0) to indicate a wrap-around at (0,2). This caused the six dual vertices at (6,0) ≡
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(0,2), (7,0) ≡ (1,2), (8,0) ≡ (2,2), (9,0) ≡ (3,2), (10,0) ≡ (4,2), and (11, 0) ≡ (5,2)
to be visited twice, first when y = 0 and again when y = 2. Similarly, the y-value scan

that begins at (0,1) follows an arc from (5,1) to (6,1) that indicates a wrap-around

at (0,3). This caused the three dual vertices at (6,1) ≡ (0,3), (7,1) ≡ (1,3), and
(8,1) ≡ (2,3) to be visited twice, first when y = 1 and again when y = 3. This issue

arises because the two clear fields between a and c that were discussed share the same

quintant at a and the same quintant at c. Likewise for the two clear fields between a

and b that were discussed.

Recall that Theorem 3.2.8 gave an upper bound of O(lgn) on the number of

proper clear fields that share a quintant of one pentagon and a quintant of another

pentagon. Thus, in the general case, a dual vertex may be visited by Algorithm 4.2

O(lgn) times. The goal of this section is to provide modifications that reduce the

number of times that any one dual vertex is visited to O(1).
Before discussing the modifications in general, they are presented in the context

of the example in Figure 4.8. The modifications result in an algorithm that behaves

as follows. At y = 0, the algorithm visits (0,0) to (11, 0) and detects and records

the wrap-around at (6,0) ≡ (0,2). Then when (11, 0) is reached, a clear field with

dimensions (11, 0) is recorded andMaxX is set to 10, as before. Additionally, because

of the wrap-around at (6,0) ≡ (0,2), the algorithm records that the y-value scan from

y = 2 will result in the discovery of pentagon c at (5,2) (since 11−6 = 5). The algorithm
increments y to 1 and visits (0,1) to (8,1) and detects and records the wrap-around at

(6,1) ≡ (0,3). Then the clear field with dimensions (8,1) is recorded and MaxX = 7.

Additionally, the algorithm records that the y-value scan from y = 3 will result in the

discovery of pentagon b at (2,3) (since 8 − 6 = 2). The algorithm increments y to 2

and recalls that the result of the y-value scan is already known: (5,2) corresponds
to pentagon c. Because 5 < MaxX, the algorithm records the clear field (5,2) and
then sets MaxX = 4, all without actually visiting (0,2) through (5,2). At y = 3, the
algorithm recalls that (2,3) corresponds with pentagon b and records the clear field

because 2 <MaxX and then sets MaxX = 1. The output of the algorithm with these

modifications is exactly the same, however each hexagon in this example was visited

at most once instead of at most twice as before.

In general, modifications are introduced to detect wrap-arounds during y-value

scans, remember the result of such walks, and use the results to avoid re-walking

later y-value scans that would start at the wrap-around locations. To discuss the

details of the modifications in general, some values are defined as shown in Figure

4.6. Suppose (x, y) is the coordinate of the dual vertex that the algorithm is currently
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Create arrays FaceV isits and Y Axis of size n/2 + 2: hold info about face visits and34

y-axis;
foreach Pentagon fromPent← 0 to 11 do /* Pents numbered arbitrarily */35

foreach Quintant do /* 5 quintants of current pentagon */36

ScanQuintant ();37

Algorithm 4.3: An O(n) algorithm for discovering all proper clear fields of a fuller-
ene.

ScanQuintant () begin

foreach Face f ← 0 to n/2+2 do /* Initialize array values */38

FaceV isits[f].x← null; FaceV isits[f].y ← null;39

Y Axis[f].y ← null; Y Axis[f].MaxXFromXAxis←∞;40

Y Axis[f].scanBegun← false; Y Axis[f].MaxXFromWA← null;
Y Axis[f].toPentFromWA← null;

MaxX ←∞; MaxY ← 0;41

y ← 1; currentFace← face at (0, y) ; /* Discover the y-axis */42

while currentFace is not a pentagon AND Y Axis[currentFace].y ≠ null do43

MaxY ←MaxY + 1;44

Y Axis[currentFace].y ← y;45

y ← y + 1; currentFace← face at (0, y);46

for y ← 0 to MaxY do /* Loop through y-axis faces */47

currentFace← face at (0, y);48

FaceV isits[currentFace].x← 0; FaceV isits[currentFace].y ← y;49

MaxX ←min(MaxX,Y Axis[currentFace].MaxXFromXAxis);50

if Y Axis[currentFace].scanBegun then51

/* result of the y-value scan is already known */

if Y Axis[currentFace].toPentFromWA ≠ null and52

Y Axis[currentFace].MaxXFromWA <MaxX then

/* a pentagon is reached at this y-value */

Record clear field from fromPent to pentagon53

Y Axis[currentFace].toPentFromWA with dimensions
(Y Axis[currentFace].MaxXFromWA + 1, y);

MaxX ←min(MaxX,Y Axis[currentFace].MaxXFromWA);54

else ScanYValue () ; /* Begin the y-value scan for y */55

end

visiting and a wrap-around occurs at (x, y) ≡ (0, yx). Then (x+ i, y) ≡ (i, yx) for i > 0
where the faces at (x, y) through (x + i − 1, y) are hexagons.

The modifications include adding a boolean-value field scanBegun to each Y Axis

array location and these are initially all false (Line 40). This value indicates whether

or not the straight walk for the corresponding y-value scan was begun, either through

the standard way (incrementing y) or due to the detection of a wrap-around at the cor-

responding location. Thus, when the algorithm gets a new y-value, it sets scanBegun
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ScanYValue () begin

Create queue WAQueue: records info for wrap-arounds of this y-value scan;56

Y Axis[currentFace].scanBegun← true;57

x← 0;58

while x ≤MaxX or WAQueue not empty do /* Loop through x-direction */59

x← x + 1;60

currentFace← face at (x, y) ; /* Visit next face in x-direction */61

if currentFace is a pentagon then /* Detect & record clear fields */62

toPent← currentFace’s pentagon number (0 to 11);63

if x ≤MaxX then64

if fromPent < toPent then Record clear field (x, y);65

MaxX ← x − 1;66

/* Record the pentagon for each recorded wrap-around */

while WAQueue is not empty do67

Pop the pair (WAFace,WAx) from WAQueue;68

Y Axis[WAFace].MaxXFromWA← x −WAx − 1;69

if fromPent < toPent then Y Axis[WAFace].toPentFromWA← toPent;70

else71

/* Detect if the y-value scan indicates a wrap-around here */

if wrap-around at currentFace and ¬Y Axis[currentFace].scanBegun then72

if y = 0 then /* x-axis indicates a wrap-around */73

Y Axis[currentFace].MaxXFromXAxis← x − 1;74

Push the pair (currentFace, x) onto WAQueue;75

Y Axis[currentFace].scanBegun← true;76

/* Detect if currentface was prev visited by this y-value scan */

if FaceV isits[currentFace].y = y then77

if x ≤MaxX then MaxX ← x − 1;78

/* Remove and mark wrap-arounds that have a previous visit */

while WAQueue is not empty do79

Peek the pair (WAFace,WAx) from WAQueue;80

if FaceV isits[currentFace].x −WAx ≥ 0 then /* previous visit */81

Y Axis[WAFace].MaxXFromWA← x −WAx − 1;82

Pop the pair from WAQueue;83

else break out of while loop;84

/* Remove oldest wrap-around if it reached MaxX */

if WAQueue is not empty then85

Peek the pair (WAFace,WAx) from WAQueue;86

if x −WAx =MaxX then87

Y Axis[WAFace].MaxXFromWA←MaxX;88

Pop the pair from WAQueue;89

/* Record that (x, y) was visited */

FaceV isits[currentFace].x← x; FaceV isits[currentFace].y ← y;90

end
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to true (Line 57) at the start of the y-value scan. And, if during the y-value scan the

algorithm detects a wrap-around at (x, y) ≡ (0, yx), then it sets the scanBegun value

for (0, yx) to true (Line 76).

When the algorithm increments y in preparation for the next y-value scan, it

checks if the corresponding scanBegun value is true (Line 51). If it is true, then a

wrap-around occurred at (0, y) during a previous y-value scan and the y-value scan

can be avoided (Lines 51-54), otherwise the y-value scan is executed (Line 55).

In order to avoid a y-value scan due to a wrap-around, the algorithm not only

records that the wrap-around occurred (using scanBegun), but also the result of

the straight walk. Two additional fields are added to each Y Axis array value to

store this information: MaxXFromWA and toPentFromWA. (The WA in the

variable names indicate that they record information about wrap-arounds.) Each of

these values is initialized to null at the beginning of the quintant scan (Line 40).

The meaning of the values of these two fields is apparent from their usage, which is

described next.

The field MaxXFromWA is used as follows. A non-null MaxXFromWA value

for some y-axis vertex (0, yx) indicates that a wrap-around occurred at (0, yx) during
a y-value scan at a y-value less than yx. In such a case, it is unnecessary to execute

the y-value scan at yx. However, had the y-value scan at yx been executed, it would

have resulted in Max being set to the smaller of MaxX and MaxXFromWA (Line

54) due to one of the four rules. The details of how MaxXFromWA is determined

are given later in this section.

The field toPentFromWA is used as follows. If the scanBegun value at (0, yx) is
true, then a wrap-around occurred at (0, yx) during a y-value scan at a y-value less

than yx and that wrap-around reached pentagon number toPentFromWA (0 to 11)

at an x-distance of MaxXFromWA + 1. Therefore, if the algorithm is avoiding the

y-value scan at yx (Line 51) it can check if MaxXFromWA <MaxX (Line 52) and

if true, then a clear field is recorded with pentagon toPentFromWA with dimensions

(MaxXFromWA + 1, yx).
In order to determine the values of MaxXFromWA and toPentFromWA, a

queue called WAQueue is used to store information about each of the wrap-around

locations because multiple wrap-arounds may occur during a y-value scan. The queue

is initially empty (Line 56) at the beginning of the y-value scan. When the algorithm

detects a wrap-around at (x, y), a pair of values is added to WAQueue (Line 75).

This value-pair consists of x and the unique face number (0 to n/2+ 1) of the face at
(x, y). Line 72 ensures that each y-axis location is represented in the queue at most
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once by checking the scanBegun value for the location (x, y). Because WAQueue is

a queue and the wrap-arounds are added as they are discovered, the value-pairs are

added in order of increasing x-value, which is an important fact for some of the logic

that uses the queue.

The implementation of Rules 1-4 change with the introduction of queueWAQueue

and values scanBegun, MaxXFromWA, and toPentFromWA. The modifications

for each rule are described here and included are the details of how MaxXFromWA

and toPentFromWA are determined.

Rule 1 [MaxX limit]: There are now cases in which the algorithm visits (x, y) and
x >MaxX. To see why, suppose a wrap-around was recorded during the current

y-value scan and let WAx be the x-value that was recorded by an arbitrarily

chosen value-pair in WAQueue such that (0, yWAx) ≡ (WAx, y) is the face

represented by the value-pair. Therefore, the currently visited dual vertex,

(x, y), also has coordinate (x −WAx, yWAx). If x −WAx ≤ MaxX, then the

algorithm still visits (x, y), regardless of whether or not x > MaxX. This is

done in order to determine the result of the y-value scan from yWAx that will

later be skipped.

The code at Lines 85-89 implement this logic. After the visit to a face (x, y), the
algorithm checks the value-pair at the front of WAQueue to see if x −WAx =

MaxX. If this is the case, then the value-pair is popped from the queue and

it is recorded that MaxXFromWA = MaxX for the y-axis face at (0, yWAx).
At most one value-pair in WAQueue can satisfy x −WAx = MaxX and such

a pair must be at the front of the queue because the value-pairs are added to

WAQueue in order of strictly increasing WAx value.

This block of code ensures that if WAQueue is not empty, then at least one

value pair in WAQueue satisfies x −WAx ≤ MaxX. The x-loop condition on

Line 59 allows the algorithm to have x >MaxX if and only if WAQueue is not

empty.

Rule 2 [Pentagon found]: Additional code is added in the case where the face at

(x, y) is a pentagon. A clear field with dimensions (x, y) is only recorded if

x ≤MaxX (Line 64).

When the face at coordinate (x, y) is a pentagon, the MaxXFromWA and

toPentFromWA values must be set for each wrap-around that is represented by

a value-pair inWAQueue. For an arbitrary value-pair inWAQueue with its cor-

responding WAx value, let yWAx be the value such that (0, yWAx) ≡ (WAx, y)
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is the vertex of the wrap-around represented by the value-pair. Because a

pentagon exists at (x, y), it also has coordinate (x −WAx, yWAx). Thus, in

Lines 67-70, each value pair in WAQueue is popped from the queue, the

MaxXFromWA value for location (0, yWAx) is set to x −WAx − 1, and the

toPentFromWA value for location (0, yWAx) is set to the unique pentagon

number (toPent from 0 to 11) of the discovered pentagon if it has not yet been

scanned (if fromPent < toPent, just as in the original Rule 2).

Note that the existence of a pentagon at (x −WAx, yWAx) does not imply the

existence of a proper clear field, so no clear field is recorded here. For a clear

field to exist, the algorithm must have a MaxX value of at least x−WAx when

the algorithm reaches the y-value of yWAx.

Rule 3 [Ensure
Ð→
ab does not contain repeated vertices]:

Rule 3a [Unique y-axis faces]: No changes are made because wrap-arounds

are not relevant.

Rule 3b [Unique y-value scan faces]: Additional code is added in the case

where the face at (x, y) was previously visited at some location (x̂, y)
during the same y-value scan (so x̂ < x). Previously, such a situation

would cause MaxX to be changed to x− 1, but because it is now possible

for x >MaxX after a wrap-around occurred, the value MaxX is only set

to x − 1 if x ≤MaxX (Line 78).

To understand what (x, y) ≡ (x̂, y) means for a wrap-around, consider an

arbitrary value-pair in WAQueue with its corresponding WAx value. Let

yWAx be the value such that (0, yWAx) ≡ (WAx, y) is the vertex of the

wrap-around represented by the value-pair. Because (x, y) ≡ (x̂, y), the
y-value scan from yWAx (that will be skipped due to the wrap-around at

(0, yWAx) ≡ (WAx, y)) would revisit the face at (x −WAx, yWAx) after

previously visiting it at (x̂ −WAx, yWAx) if x̂ −WAx ≥ 0.

The algorithm therefore determines which value-pairs in WAQueue meet

the condition of x̂−WAx ≥ 0. The y-axis vertices for such value-pairs will

have their MaxXFromWA value set to x −WAx − 1 and the value-pairs

will be removed from the queue. To determine which of the value-pairs in

WAQueue satisfy the condition x̂ −WAx ≥ 0, the algorithm exploits the

fact that the value-pairs were added to WAQueue in order of increasing

WAx value. The code block on Lines 79-84 handles this. The loop repeat-

edly looks at the value-pair at the front of the queue and if x̂ −WAx ≥ 0
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a

b

c
d

Figure 4.9: An example situation in which x obtains its maximum value of 2 ⋅MaxX,
shown on a fullerene having n = 76 with the x-axis (dash-dot) and y-axis (dotted) of
a quintant of a along with the y-value scan from y = 1 (dashed)

then MaxXFromWA is set to x−WAx− 1 and the value-pair is popped,

otherwise the loop exits.

Rule 4 [x-axis wrap-around]: The implementation of this rule is in two parts: first

detecting where the x-axis has wrap-arounds and second to decrease MaxX

before a y-value scan begins. No changes are necessary to the first part since

the y-value scan at y = 0 is always executed. For the second part, the code

that implements this rule at each y-value is found on Line 50, which is executed

regardless of whether or not a y-value scan is executed or skipped due to a

wrap-around.

A simple version of how the algorithm handles a complex situation is illustrated

in Figure 4.9. The scanning of the indicated quintant of a begins by identifying the

y-axis (here MaxY = 11 because pentagon b is found at (0,12)) and initializing the

values MaxXFromWA and toPentFromWA to null and the value scanBegun to

false for each Y Axis array element. The value MaxX is initialized to ∞.

The y-value scans begin with y = 0 and so scanBegun is set to true for the dual

vertex (0,0). WAQueue is initially empty. For the y-value scan, the algorithm visits

the dual vertices on the x-axis (0,0) through (8,0), the last of which indicates a wrap-
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around at (0,10). This causes a value-pair describing (8,0) ≡ (0,10) to be added to

WAQueue and the scanBegun value is set to true for the y-axis vertex (0,10). The
algorithm continues the y-value scan and visits (9,0), which is pentagon a and causes

MaxX to be set to 8. No clear field is recorded because a cannot pair with itself

to form a clear field. Furthermore, the value-pair is popped from WAQueue and

MaxXFromWA is set to 1 (since 9−WAx = 1) for the corresponding y-axis location

(0,10). The value toPentFromWA is not set because a cannot pair with itself to

form a clear field.

When y = 1, the algorithm sets scanBegun to true for the dual vertex (0,1).
The algorithm then begins the y-value scan with an empty WAQueue. It visits

(0,1) through (8,1), the last of which indicates a wrap-around at (0,11). This

causes a value-pair describing (8,1) ≡ (0,11) to be added to WAQueue and the

scanBegun value is set to true for the y-axis vertex (0,11). Because WAQueue

is not empty, the algorithm continues allowing x > MaxX and visits (9,1), which
indicates a wrap-around at (0,1). This wrap-around is not recorded in WAQueue

because scanBegun is true for (0,1). The algorithm continues visiting (10, 1) ≡ (1,1)
through (16, 1) ≡ (7,1), at which point it stops because the WAx value in the value-

pair inWAQueue is 8 and x−WAx =MaxX. This causes the value-pair to be popped

from WAQueue and the MaxXFromWA is set to 8 (MaxX) for the corresponding

y-axis location (0,11).
The remainder of the scanning of the quintant of a is summarized as follows. At

y = 2, a clear field with c is discovered and recorded with dimensions (2,2) and MaxX

is set to 1. At y = 3, a clear field with d is discovered and recorded with dimensions

(1,3) and MaxX is set to 0. Nothing interesting happens for y = 4 through y = 9.

When the algorithm reaches y = 10, the y-value scan is skipped because scanBegun

is true and MaxX remains 0 because it is already smaller than the corresponding

MaxXFromWA value. Likewise, at y = 11, the y-value scan is skipped and MaxX

remains the same.

There are six ways that a straight walk may pass through a vertex of degree six.

An important thing to notice in this example is that during the y-value scan when

y = 1 the dual vertices at (0,1) through (7,1) were visited a second time in the same

direction. The following Lemma proves that this is the highest possible number of

visits.

Lemma 4.2.8. Each dual arc is traversed at most two times during the scanning of

a quintant in Algorithm 4.3.

Proof. The set of dual arcs is partitioned into three classes: those that are never
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traversed by the algorithm during the scanning of a quintant, those that are traversed

as part of the y-axis, and those that are traversed as part of a y-value scan. The arcs

traversed as part of the y-axis are those that are followed as the algorithm visits

the vertices at coordinates (0,0) to (0,MaxY + 1), but not the arcs in the opposite

direction. No arc traversed as part of the y-axis can be traversed during a y-value

scan. This is because the straight direction of each y-value scan is uniquely defined,

begins at a unique vertex of degree six, and does not pass through a vertex of degree

five.

If an arc is traversed as part of the y-axis, then it is traversed at most twice: once

when the y-axis is pre-walked to determine MaxY and initialize the Y Axis array,

and once when y is incremented to prepare for each y-value scan.

Let (u, v) be an arc that is traversed as part of a y-value scan. The algorithm’s

detection of wrap-arounds and the use of WAQueue and scanBegun ensure that

(u, v) is traversed by at most one y-value scan. Therefore, if (u, v) is traversed more

than once during the quintant scan, then these traversals each correspond with the

same y-value scan. Let y be the y-value of the algorithm during these traversals.

Furthermore, these multiple traversals occur due to a wrap-around at (0, y), as in the

situation illustrated by Figure 4.9.

For contradiction, suppose (u, v) is traversed at least three times and let 0 < x1 <

x2 < x3 be the x-values of the algorithm when it makes the first three visits to v.

Thus, (u, v) is the arc from coordinate (x1 − 1, y) to (x1, y) that is also the arc from

(x2 − 1, y) to (x2, y) and from (x3 − 1, y) to (x3, y). Because vertices (x1, y) ≡ (x2, y),
vertices (x2−x1, y) ≡ (0, y). When the algorithm visited vertex (x2−x1, y), it visited a

vertex that was previously visited with the same y-value but a smaller x-value. Rule

3 ensures that after this visit MaxX is at most x2 −x1 −1. Despite a wrap-around at

(x2 − x1, y) ≡ (0, y), no value pair is added to WAQueue because scanBegun is true

for the location (0, y).
Any arc that is traversed to arrive at a vertex at coordinate (x̂, y) for x̂ > x2 − x1

must have been previously traversed to reach the vertex at (x̂− x1, y). No value-pair

can be added to WAQueue due to re-traversing an arc because the first traversal set

scanBegun to true if a wrap-around was detected (Line 76), which causes a value-pair

to not be added at future times when the wrap-around is detected (Line 72). This

means the largest WAx-value in a value-pair in WAQueue is x2 − x1 − 1, which will

be removed from the queue due to MaxX when x − (x2 − x1 − 1) = MaxX (Rule 1,

Line 87). Because MaxX ≤ x2 − x1 − 1, this implies x ≤ 2(x2 − x1 − 1). That is, the

largest x-value that can occur during a y-value scan is 2(x2−x1−1). This contradicts
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Proper Clear Fields per Min Max
Fullerene 28 90
Pentagon 3 20
Quintant 0 9
Pentagon-Pentagon Pair 0 6
Quintant-Pentagon Pair 0 4
Quintant-Quintant Pair 0 3

Table 4.1: Number of proper clear fields for all of the fullerenes with 120 or fewer
vertices.

the fact that (u, v) was traversed three times because the vertex equivalence (x1, y) ≡
(x2, y) ≡ (x3, y) implies x3 − x2 = x2 − x1, so x3 = 2x2 − x1 > 2(x2 − x1 − 1).

Theorem 4.2.9. The time complexity of Algorithm 4.3 is in O(n).

Proof. As before, the time complexity proof analyzes the time complexity of scanning

any one of the O(1) quintants. Lemma 4.2.8 showed that during the scanning of a

quintant, each of the O(n) dual arcs is traversed O(1) times. There are six incoming

arcs for each dual vertex, so the number of times each dual vertex is visited is O(1).
The amount of work done at a visit to a dual vertex is not constant, however

the only non-constant operations involve popping value-pairs from WAQueue. Each

value-pair corresponds with exactly one of the O(n) y-values and may be pushed

onto WAQueue at most once during the scanning of each quintant due to the use of

scanBegun. Therefore, over all the visits to dual vertices for a particular quintant,

at most O(n) values are popped, with O(1) time for each pop.

Initialization before scanning a quintant takes O(n) time and before a y-value

scan takes O(1) time. This gives O(n) overall.

Algorithm 4.3 detects all proper clear fields, the number of which is O(lgn) from
Theorem 3.2.8. It was run on all of the fullerenes with 120 or fewer vertices. Some

of the findings are summarized in Table 4.1.

4.3 Phase 2: Detect Pairs of Proper Clear Fields that

Share Dual Vertices

As described in Section 4.1, the second phase of the algorithm determines which

pairs of proper clear fields have a dual vertex in common. Such clear fields cannot be

together in an optimal pairing.

A straightforward way to detect which pairs of clear fields have dual vertices in

common is to loop through the list of clear fields and for each clear field visit its
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dual vertices, leaving a token at each dual vertex. Before leaving a token at a dual

vertex, the list of tokens previously left at the vertex is read and the clear fields

they represent share the current dual vertex with the current clear field. The desired

output is generated by storing a record, initialized to false, for each pair of clear

fields and marking it as true when a common vertex is detected. Such an algorithm

on C clear fields would visit O(n) dual vertices for each of the C clear fields and

would take O(C) time at each dual vertex inspecting the previous tokens. This gives

O(nC2) time overall, which is O(n lg2 n) because C ∈ O(lgn) by Theorem 3.2.8.

An asymptotically faster algorithm is preferred so that the entire independent set

algorithm does not take O(n lg2 n) time due to this computation.

A simple observation enables a faster algorithm. There are sixty axes on the

fullerene that correspond with the x- and y-axes of the sixty quintants. Each axis

is a straight dual walk that begins at one of the sixty arcs for the twelve vertices of

degree five, and continues as far as possible such that each vertex of the axis is unique

and the only vertex of degree five in an axis is the start vertex. Observe that each

dual vertex of a clear field is a member of at least one of the sixty axes because these

sixty axes form the x- and y-axes of the quintants. With a few tricks, it is possible

to first create a mapping between the clear fields and the axes they use and then

visit the dual vertices on the axes, analyze and leave tokens, and determine where

two axes share a dual vertex and thereby determine which pairs of clear fields share

a dual vertex. This approach will be asymptotically faster because there are O(1)
axes, O(n) dual vertices on each, and O(1) tokens to analyze at each vertex. This

will give O(n) time overall.

The details of such an approach are discussed here and pseudo-code is given in

Algorithm 4.4. The sixty axes are numbered A0 through A59 arbitrarily. For each

axis Ai, an array CFsi is created (Line 4) that references the clear fields that use Ai

as either the x- or y-axis of either of the two quintants used by the clear field. In this

manner, the clear fields in CFsi are all of the clear fields that use either the quintant

for which Ai acts as the x-axis or the clockwise neighboring quintant for which Ai

acts as the y-axis. The clear fields are listed in array CFsi in increasing order by

their sort-value, which is their x or y-dimension, depending on if they use Ai as an

x- or y-axis, respectively.

The algorithm loops through the sixty axes A0 to A59 one at a time (Line 3),

visiting the dual vertices on the axis in order beginning at the start vertex of degree

five, for a maximum distance equal to the largest sort-value in CFsi (Line 8). At

each vertex distance d along the axis, an associated value k is maintained (Lines 7
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Create a C ×C array initialized to false to hold the output;1

Create empty token list at each dual vertex;2

foreach Axis Ai (i← 0 to 59) do3

Create persistent array CFsi of clear fields that use Ai as an x or y-axis, sorted by4

increasing x or y-value (sortV alue) as appropriate;
Create persistent array Intersectionsi of size length(CFsi) with values initialized5

to ∞;
if length(CFsi) = 0 then skip to the next axis;6

k ← 0 ; /* k is the smallest index of a CF in CFsi with sort-value ≥ d7

*/

/* Walk along Ai as far as the largest associated clear field */

for d← 0 to CFsi[length(CFsi) − 1].sortV alue do8

Move to the dual vertex distance d along axis Ai;9

while CFsi[k].sortV alue < d do k ← k + 1 ; /* Maintain the condition on10

k */

foreach token t in the token list at current dual vertex do11

/* Ai’s CFs with index ≥ k and t.i’s CFs with index ≥ t.k share the

current dual vertex, so remember the smallest k seen for t.k */

if Intersectionst.i[t.k] > k then Intersectionst.i[t.k]← k;12

Add a token t to list at current dual vertex with t.i← i and t.k ← k;13

Intersectionsi[0]← 0 ; /* All CFs in CFsi share a dual vertex with each14

other */

for j ← 0 to i do /* Consider each previously-walked axis Aj */15

MinIndex←∞;16

for g ← 0 to length(CFsj) − 1 do /* Consider each clear field CFsj[g]17

*/

MinIndex← min(MinIndex, Intersectionsj[g]);18

/* Each CF in CFsi with index ≥MinIndex shares a dual vertex

with each CF in CFsj with index ≥ g. In particular, CF

CFsj[g] shares a dual vertex with each CFsi[h] such that

h ≥MinIndex */

for h←MinIndex to length(CFsi) − 1 do19

Mark CFsj[g] and CFsi[h] as sharing a dual vertex (set true in output);20

Intersectionsj[g]←∞ ; /* Reset for next i iteration */21

Algorithm 4.4: An O(n) algorithm for detecting the pairs of clear fields that have
one or more dual vertices in common.
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and 10), which is the smallest index of a clear field in CFsi that has a sort-value of

at least d. Thus, only the clear fields that have index k or larger use all of the first d

vertices of the axis. A token t is left at the vertex d steps along the axis. The token

records the values i and k as t.i and t.k (Line 13), which indicates that the clear fields

in CFst.i with index t.k or greater all include the vertex.

When the algorithm visits a dual vertex but before a token is added (Line 13), it

analyzes the tokens that were left at the vertex by previous axes (Line 11). Let t be a

token that was left. Token t indicates that this vertex is on axis At.i and that the clear

fields of CFst.i with index t.k or greater all contain the current vertex. Therefore,

every clear field in CFsi with index k or greater shares the current vertex with every

clear field in CFst.i with index t.k or greater. A series of arrays is used to record this

information. From Line 5, an array Intersectionsj exists for every value 0 ≤ j ≤ i such

that Intersectionsj has the same length as CFsj and each value in Intersectionsj is

set to ∞ before any vertices of Ai were visited (this property is also maintained by

Line 21). These arrays are used to store information such that Intersectionsj[g] = k
(for 0 ≤ g < length(CFsj)) means that every clear field in CFsi (Ai being the current

axis) with index k or greater shares a dual vertex with every clear field in CFsj

with index g or greater. In Line 12, the algorithm records the information indicated

by token t by setting Intersectionst.i[t.k] to k if Intersectionst.i[t.k] > k because

if Intersectionst.i[t.k] ≤ k then it is already implied that these clear fields share a

different dual vertex. Finally, after all vertices of Ai have been visited (Line 14), the

algorithm sets Intersectionsi[0] to 0 to indicate that every clear field in CFsi shares

a dual vertex with every clear field in CFsi.

The output of Algorithm 4.4 is an C ×C array (or some other suitable structure)

of boolean values, one for each pair of clear fields. These values are initialized to false

(Line 1) and changed to true if the pair of clear fields shares a dual vertex. After

the algorithm has finished visiting the dual vertices of Ai, it records in the output

which pairs of a clear field in CFsi and a clear field in CFsj for 0 ≤ j ≤ i share a dual

vertex of Ai. The algorithm loops through each choice of j from 0 to i (Line 15). To

determine which pairs of a clear field in CFsi and a clear field in CFsj share a vertex,

the algorithm loops through each choice of g from 0 to length(CFsj) − 1 (Line 17).

As it loops through the g values, it sets a variable MinIndex to be the smallest of

{Intersectionsj[0], Intersectionsj[1], . . . , Intersectionsj[g]} (Line 18). Thus, each

clear field in CFsi with index MinIndex or greater shares a dual vertex with each

clear field in CFsj with index g or greater. In particular, CFsj[g] shares a dual

vertex with each clear field in CFsi with index MinIndex or greater. To record
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this information, the algorithm loops through each choice of h from MinIndex to

length(CFsi)− 1 (Line 19) and records in the output array that clear fields CFsj[g]
and CFsi[h] share a vertex by marking the appropriate value(s) to true. Finally, the

algorithm resets Intersectionsj[g] to ∞ for each choice of j and g in preparation for

processing axis Ai+1 (Line 21).

The time complexity analysis of Algorithm 4.4 is straightforward. The t loop at

Line 11 looks at at most 59 tokens each time it runs, with each iteration taking O(1)
time. Thus, each iteration of the d loop at Line 8 takes O(1) time. The d loop

makes O(n) iterations each time it is encountered because an axis contains each dual

vertex at most once. The h loop at Line 19 takes O(1) time per iteration, with O(C)
iterations each time the loop is encountered, where C is the number of proper clear

fields. This means each iteration of the g loop at Line 17 takes O(C) time, with O(C)
iterations each time it is encountered. Thus, each iteration of the j loop at Line 15

takes O(C2) time, with O(1) iterations each time it is encountered. Creating each

CFsi array can be done in O(C lgC) time to locate and sort the clear fields for Ai.

Each Intersectionsi array can be created and initialized in O(C) time. Therefore,

the time complexity of each iteration of the i loop at Line 3 is O(n + C2). Because

C ∈ O(lgn) and there are O(1) iterations of the i loop, the i loop runs in time O(n)
overall. Creating the output array takes O(C2) time and creating the empty token

lists takes O(n) time, for O(n) overall.
4.4 Phase 3: Find an Optimal Pairing

The first two phases have provided the information necessary for this phase to consider

each selection of six proper clear fields that have no dual vertices in common as

outlined in Section 4.1. Recall that such a selection must pair the twelve vertices of

degree five. All possible sets of six proper clear fields with no dual vertex in common

can be enumerated easily by using the output from Phases 1 and 2.

When a set of six clear fields is selected, the two possible ways to color the clear

fields are determined as outlined in Section 4.1. For each of these two colorings, the

penalty is computed. A set with an applied coloring having the minimum penalty

over all choices of a set and a coloring is remembered as the optimal pairing, which

is the output of this phase.

During a search for an optimal pairing, a practical speed increase may be obtained

using the following method to reduce the search space. Recall that the penalty of a

clear field �� ��ab is either 2xab + yab or xab + 2yab. Thus, the minimum possible penalty

for �� ��ab is 2min{xab, yab} +max{xab, yab}. As the six clear fields are being selected
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one at a time, a sum of the minimum possible penalty may be quickly computed

before the colors of the clear fields are determined. If this sum is ever greater than

or equal to the penalty of the best (minimum penalty) complete solution seen so far,

then the current subset of clear fields cannot be together in an optimal pairing.

There are several parts to Phase 3 of the algorithm that together find an optimal

pairing. Section 4.4.1 gives a method to determine the two colorings for a selection of

six clear fields and the penalties associated with them. To improve the running time,

this part relies on some information output by an algorithm described by Section

4.4.2. The methods are discussed in a sequence to aid understanding and not the

order of execution. Therefore, Section 4.4.3 ties the parts together by describing the

order of execution.

4.4.1 Determining the Two Colorings of a Set of Six Clear Fields

For each selection of six clear fields that pair the pentagons, the two possible col-

orings are determined in order to compute the penalties. Assume that the twelve

pentagons/dual vertices of degree five are uniquely and arbitrarily labeled with num-

bers 0 through 11 with num(a) representing the number of vertex a. The approach

is to first assume that pentagon 0 (chosen arbitrarily) is white, which implies that

the clear field that contains the dual vertex corresponding to pentagon 0 is white.

Using this information, the colors of the remaining five clear fields are determined.

The other coloring of the set of six clear fields is obtained by switching the color of

all of the clear fields.

To begin, a coloring tree is constructed, which is a connected directed graph with

twelve vertices and eleven arcs. The vertices represent the pentagons and the arcs

represent clear fields. These eleven arcs form a spanning tree of the twelve vertices

such that a walk exists from the vertex representing pentagon 0 to every other vertex.

The coloring tree is constructed by choosing eleven clear fields (from those found in

Phase 1) using a breadth-first search from the dual vertex representing pentagon 0. It

is important to note that the choice of a coloring tree is independent of any selection

of six clear fields for which the color is being determined.

The coloring tree can be used to determine the colors of the twelve pentagons and

thus color the six selected clear fields. The details follow, but the general approach

is to use the known color of pentagon 0 (white) to determine the color of each of its

neighbors in the coloring tree, then repeatedly determine the color of each of their

neighbors until the color of each pentagon is known. Given a selection of six clear

fields and a coloring tree, the procedure presented here determines the colors of the
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a

c
b d

ac
ab

bd
ba

Figure 4.10: Illustration of how the color of clear field �� ��bd is determined from the
color of �� ��ac by using �� ��ab.

clear fields in constant time.

Figure 4.10 illustrates how the color of one pentagon may be determined using the

known color of another pentagon and an arc of the coloring tree. It is assumed that

the color of the pentagon at dual vertex a is known, the color of the pentagon at b is

to be determined, and an arc from a to b exists in the coloring tree that corresponds

to clear field �� ��ab. Furthermore, let �� ��ac and �� ��bd be two of the six clear fields in

the selection. This means the pentagon at a is paired with the pentagon at c and b is

paired with d. It may be the case (not pictured) that c ≡ b, in which case a ≡ d and

hence �� ��ac ≡ �� ��ab ≡ �� ��bd, meaning the coloring tree clear field �� ��ab is one of the

six clear fields selected.

In the last case, it is very simple to determine the color of the pentagon at b from

the color of the pentagon at a:

Special Case [ �� ��ac ≡ �� ��ab ≡ �� ��bd]: When �� ��ab is one of the six selected clear

fields, the color of the pentagon at b is the same as the color of the pentagon at

a due to Theorem 3.2.3(iii).

For the remainder of the discussion, it can be assumed that �� ��ac ≢ �� ��ab ≢ �� ��bd. In

other words, assume c ≢ b and d ≢ a.

To aid the discussion, four primal vertices are labeled ab, ba, ac, and bd such that

vertex ab is the vertex on the pentagon at a that is between the x- and y-arcs that

define the quintant of a used by �� ��ab and ba, ac, and bd are defined similarly. These

vertices are labeled in Figure 4.10. Note that these four vertices are not necessarily

unique. Two additional vertices are also labeled: a′b and b′a such that a′b is the vertex
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ab
ba
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Figure 4.11: The inside walk (bold primal edges) of �� ��ab from pentagon a to pen-

tagon b when yab > 0 (left) and when yab = 0 (right). Its relationship to
Ð→
ab (bold,

dashed) is also shown.

after ab in clockwise order around the pentagon at a and b′a is similarly defined using

ba. These vertices are labeled in Figure 4.11.

In order to construct a coloring of the primal vertices, a pairing path is determined

for each of the six selected clear fields. From Theorem 3.2.3(i), there can be many

choices of such a pairing path for a clear field. For consistency, the rule followed by

this algorithm is that for a selected clear field �� ��ac, the pairing path will use the dual

edges of walk Ð→ac if num(a) < num(c) and walk Ð→ca if num(c) < num(a). The fullerene
is colored as follows. For each of the six pairing paths, one primal vertex incident with

each primal edge crossed by a pairing path edge is colored gray. The uncolored primal

vertices create a bipartite graph. Color the four uncolored vertices on pentagon 0 such

that the pentagon is white. The remaining uncolored primal vertices are then colored

either white or black such that white and black are independent sets.

Such a coloring of the primal vertices is not actually constructed in this phase

of the algorithm because it would take Ω(n) time for each choice of six clear fields.

Instead the coloring is constructed only for the optimal pairing in Phase 4. However,

important properties of the coloring can be determined without actually coloring the

fullerene and these properties are used by this phase of the algorithm. The first

important property is the choice of the pairing path for each clear field. The second

important property is that the choice of the gray primal vertex incident with an edge

crossed by the pairing path is chosen arbitrarily. Thus, the vertices can be assumed

to be colored such that ac and bd are gray.

The inside walk I is a primal walk shown in Figure 4.11 that starts at a vertex
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on the pentagon at a and ends at a vertex on the pentagon at b and only uses primal

arcs that are on the right side of
Ð→
ab. If yab > 0, then I starts at ab and ends at ba and

has length 2(yab − 1) + 2(xab − 1) + 1 (always odd). If yab = 0, then I starts at a′b and

ends at ba and has length 2(xab − 1) (always even).
The overall strategy is to apply Theorem 3.2.1 to a primal walk P of length k that

starts at a non-gray vertex on the pentagon at a and ends at a non-gray vertex on the

pentagon at b. Eight cases are considered depending on the dimensions of �� ��ab, the

relationship between the quintant of a used by �� ��ab and the quintant of a used by

�� ��ac, and the relationship between the quintant of b used by �� ��ab and the quintant

of b used by �� ��bd. Specifically, the cases are broken down based on whether or not

yab > 0, whether or not ab ≡ ac, and whether or not ba ≡ bd. Examples of these cases

are shown in Figures 4.12 and 4.13. In each figure, the edges of P are bold.

Walk P is constructed by using I and, if necessary for the particular case, the

arc between ab and a′b and/or the arc between ba and b′a are added to the beginning

and/or end, respectively. Because ac is assumed to be gray, the start vertex of P is

ab unless ab ≡ ac in which case the start vertex of P is a′b. Because bd is assumed to

be gray, the end vertex of P is ba unless ba ≡ bd in which case the end vertex of P is

b′a. The length k of P is at least the length of the inside walk and at most the length

of the inside walk plus two. The details of the construction of P are given when each

of the eight cases are described in detail below.

The start vertex P0 (either ab or a′b) and the end vertex Pk (either ba or b′a) are

colored either black or white. The color of P0 can be easily determined from the color

of the pentagon at a, which is known, by using the number of clockwise positions

from ac to P0. If P0 is 1 or 3 clockwise position(s) after ac, then P0 is the same color

as the pentagon at a, otherwise P0 is the opposite color of the pentagon at a. Once

the color of Pk is known, the color of the pentagon at b can be found by using the

number of clockwise positions from bd to Pk. If Pk is 1 or 3 clockwise position(s) after

bd, then the pentagon at b is the same color as Pk, otherwise the pentagon at b is the

opposite color of Pk.

As in the statement of Theorem 3.2.1, let ` be the number of edges of P that are

white or black, which is the number of times an edge of P is crossed by a dual edge of

one of the six pairing paths. Let OddP be a boolean value that is true if ` ≡ 1(mod 2)
and false otherwise. The color of Pk can be determined by applying Theorem 3.2.1

to the knowledge of the color of P0 and the values k, OddP . That is, if both k is even

and OddP is false or both k is odd and OddP is true then P0 and Pk have the same

color, otherwise they have different colors.
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Similarly, let OddI be true if the number of times the inside walk is crossed by

the six pairing paths is odd and false otherwise. At this time, it is assumed that an

oracle exists to provide the value OddI , but an algorithm to compute OddI is given

in Section 4.4.2. The value OddP may only differ from OddI if P contains the edge

between ab and a′b and/or P contains the edge between ba and b′a. The details of

obtaining OddP from OddI are given when each of the eight cases are described in

detail below because P is constructed differently in each case.

The analysis of the eight cases is now given. Examples of the cases are shown in

Figures 4.12 and 4.13.

Case 1 [yab > 0]: Recall that the inside walk begins at ab, ends at ba, and has odd

length.

Case 1.1 [ab ≢ ac]: Walk P begins at ab.

Case 1.1.1 [ba ≢ bd] (Figure 4.12(a)): Let P be I. Thus, P has odd

length and OddP = OddI . From the application of Theorem 3.2.1 to

P , ba has the same color as ab if OddP is true and the opposite color

otherwise.

Case 1.1.2 [ba ≡ bd] (Figure 4.12(b)): Let P be I, (ba, b′a), b′a. Thus,

P has even length. To know OddP , it is determined whether or not

any of the six pairing paths cross arc (ba, b′a). Because this arc is

on the pentagon at b, only the pairing path that pairs b and d can

cross the arc. Recall that the pairing path from b to d follows
Ð→
bd if

num(b) < num(d) and follows
Ð→
db if num(d) < num(b). If

Ð→
bd is used,

then it crosses (ba, b′a) if and only if ybd = 0 and if
Ð→
db is used, then it

must cross (ba, b′a). Therefore, if num(d) < num(b) or both num(b) <
num(d) and ybd = 0, then OddP = ¬OddI , otherwise OddP = OddI .

From the application of Theorem 3.2.1 to P , b′a has the opposite color

of ab if OddP is true and the same color otherwise.

Case 1.2 [ab ≡ ac]: Walk P begins at a′b and first uses arc (a′b, ab). Similar to

the logic in Case 1.1.2, the only pairing path that can cross arc (a′b, ab) is
the one that pairs a with c. If num(c) < num(a) or both num(a) < num(c)
and yac = 0, then (a′b, ab) is crossed by a pairing path. This information

will be used to find OddP in the following two sub-cases.

Case 1.2.1 [ba ≢ bd] (Figure 4.12(c)): Let P be a′b, (a′b, ab), I. Thus,

P has even length. If num(c) < num(a) or both num(a) < num(c)
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(a) Case 1.1.1: yab > 0, ab ≢ ac, ba ≢ bd
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(b) Case 1.1.2: yab > 0, ab ≢ ac, ba ≡
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(c) Case 1.2.1: yab > 0, ab ≡ ac, ba ≢
bd
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(d) Case 1.2.2: yab > 0, ab ≡ ac, ba ≡ bd

Figure 4.12: Determining the color of the pentagon at b from the color of the pentagon
at a using �� ��ab with yab > 0

and yac = 0, then OddP = ¬OddI , otherwise OddP = OddI . From the

application of Theorem 3.2.1 to P , ba has the opposite color of a′b if

OddP is true and the same color otherwise.

Case 1.2.2 [ba ≡ bd] (Figure 4.12(d)): Let P be a′b, (a′b, ab), I, (ba, b′a),
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(a) Case 2.1.1: yab = 0, ab ≢ ac, ba ≢ bd
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(b) Case 2.1.2: yab = 0, ab ≢ ac,
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(c) Case 2.2.1: yab = 0, ab ≡ ac, ba ≢ bd
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(d) Case 2.2.2: yab = 0, ab ≡ ac,
ba ≡ bd

Figure 4.13: Determining the color of the pentagon at b from the color of the pentagon
at a using �� ��ab with yab = 0

b′a. Thus, P has odd length. As in Case 1.1.2, if num(d) < num(b) or
both num(b) < num(d) and ybd = 0, then arc (ba, b′a) is crossed by a

pairing path. Then OddP is determined from OddI in the straightfor-

ward way by negating OddI for each of the arcs (a′b, ab) and (ba, b′a)
that are crossed by a pairing path. From the application of Theorem

3.2.1 to P , b′a has the same color as a′b if OddP is true and the opposite

color otherwise.

Case 2 [yab = 0]: Recall that the inside walk begins at a′b, ends at ba, and has even

length.

Case 2.1 [ab ≢ ac]: Walk P begins at ab and first uses arc (ab, a′b). The only

pairing path that can cross this arc is the one that pairs a with c and

because ab ≢ ac, this can only occur if a′b ≡ ac, yac > 0 and num(a) <
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num(c), which is when Ð→ac crosses (ab, a′b). This information will be used

to find OddP in the following two sub-cases.

Case 2.1.1 [ba ≢ bd] (Figure 4.13(a)): Let P be ab, (ab, a′b), I. Thus,

P has odd length. If a′b ≡ ac, yac > 0 and num(a) < num(c), then
OddP = ¬OddI , otherwise OddP = OddI . From the application of

Theorem 3.2.1 to P , ba has the same color as ab if OddP is true and

the opposite color otherwise.

Case 2.1.2 [ba ≡ bd] (Figure 4.13(b)): Let P be ab, (ab, a′b), I, (ba, b′a),
b′a. Thus, P has even length. As in Case 1.1.2, if num(d) < num(b)
or both num(b) < num(d) and ybd = 0, then arc (ba, b′a) is crossed by

a pairing path. Then OddP is determined from OddI in the straight-

forward way by negating OddI for each of the arcs (ab, a′b) and (ba, b′a)
that are crossed by a pairing path. From the application of Theorem

3.2.1 to P , b′a has the opposite color of ab if OddP is true and the same

color otherwise.

Case 2.2 [ab ≡ ac]: Walk P begins at a′b.

Case 2.2.1 [ba ≢ bd] (Figure 4.13(c)): Let P be I. Thus, P has even

length and OddP = OddI . From the application of Theorem 3.2.1 to

P , ba has the opposite color of a′b if OddP is true and the same color

otherwise.

Case 2.2.2 [ba ≡ bd] (Figure 4.13(d)): Let P be I, (ba, b′a), b′a. Thus,

P has odd length. As in Case 1.1.2, if num(d) < num(b) or both

num(b) < num(d) and ybd = 0, then arc (ba, b′a) is crossed by a pairing

path. From the application of Theorem 3.2.1 to P , b′a has the same

color as a′b if OddP is true and the opposite color otherwise.

By applying this logic to each of the eleven clear fields that compose the coloring

tree, the color of each pentagon can be determined when pentagon 0 is colored white.

This gives the color of each of the six selected clear fields when the clear field that

pairs pentagon 0 is colored white. As stated previously, the other coloring is obtained

by swapping the colors of each of the six clear fields. For each of these colorings, the

penalty is given by Equation (3.2).

The pseudo-code in Algorithm 4.5 summarizes the logic in each of the cases and

shows how the two penalties are computed. The input to the algorithm is a coloring

tree and a selection of six proper clear fields with no dual vertices in common. The
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Color pentagon 0 white;1

foreach Coloring Tree Clear Field �� ��ab do /* color of a known, b unknown */2

Locate c, d, �� ��ac, �� ��bd, ab, a
′
b, ac, ba, b

′
a, and bd;3

if c ≡ b then4

Color the pentagon at b the same color as the pentagon at a;5

else6

Determine color of ab and a′b from color of pentagon at a and clockwise positions7

from ac;
OddP ← OddI ; /* Find OddI from Algorithm 4.6 as in Section 4.4.2 */8

switch based on yab, ab, ac, ba, and bd do9

case yab > 0, ab ≢ ac, ba ≢ bd /* Case 1.1.1 */10

if OddP then Color ba the same as ab else Color ba the opposite of ab;11

case yab > 0, ab ≢ ac, ba ≡ bd /* Case 1.1.2 */12

if (num(d) < num(b)) or (num(b) < num(d) and ybd = 0) then neg(OddP );13

if OddP then Color b′a the opposite of ab else Color b′a the same as ab;14

case yab > 0, ab ≡ ac, ba ≢ bd /* Case 1.2.1 */15

if (num(c) < num(a)) or (num(a) < num(c) and yac = 0) then neg(OddP );16

if OddP then Color ba the opposite of a′b else Color ba the same as a′b;17

case yab > 0, ab ≡ ac, ba ≡ bd /* Case 1.2.2 */18

if (num(c) < num(a)) or (num(a) < num(c) and yac = 0) then neg(OddP );19

if (num(d) < num(b)) or (num(b) < num(d) and ybd = 0) then neg(OddP );20

if OddP then Color b′a the same as a′b else Color b′a the opposite of a′b;21

case yab = 0, ab ≢ ac, ba ≢ bd /* Case 2.1.1 */22

if a′b ≡ ac and yac > 0 and num(a) < num(c) then neg(OddP );23

if OddP then Color ba the same as ab else Color ba the opposite of ab;24

case yab = 0, ab ≢ ac, ba ≡ bd /* Case 2.1.2 */25

if a′b ≡ ac and yac > 0 and num(a) < num(c) then neg(OddP );26

if (num(d) < num(b)) or (num(b) < num(d) and ybd = 0) then neg(OddP );27

if OddP then Color b′a the opposite of ab else Color b′a the same as ab;28

case yab = 0, ab ≡ ac, ba ≢ bd /* Case 2.2.1 */29

if OddP then Color ba the opposite of a′b else Color ba the same as a′b;30

case yab = 0, ab ≡ ac, ba ≡ bd /* Case 2.2.2 */31

if (num(d) < num(b)) or (num(b) < num(d) and ybd = 0) then neg(OddP );32

if OddP then Color b′a the same as a′b else Color b′a the opposite of a′b;33

Determine color of the pentagon at b from ba or b′a and clockwise positions from34

bd;
whitePen← 0; blackPen← 0; /* Penalty if pentagon 0 is white or black */35

foreach Selected Clear Field �� ��ac do /* Calc penalties of 6 selected CFs */36

if pentagon at a is white then37

whitePen← whitePen + 2xac + yac; blackPen← blackPen + 2yac + xac;38

else39

whitePen← whitePen + 2yac + xac; blackPen← blackPen + 2xac + yac;40

return whitePenalty, blackPenalty;41

Algorithm 4.5: An O(1) algorithm that, given a coloring tree, computes the penal-
ties of the two colorings of six proper clear fields that have no dual vertices in common.
The function neg(x) sets x← ¬x.
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output is a pair of values whitePen and blackPen which represent the penalties when

pentagon 0 is colored white or black, respectively.

The logic presented is just a series of simple comparisons and so it can be executed

quickly. For each of the eleven clear fields of the coloring tree, the appropriate one

of the nine cases (including the special case) can be determined in constant time.

Then, the color can be determined in constant time, assuming a query to the oracle

that provides OddI takes constant time (Section 4.4.2 provides such an oracle). The

coloring tree is independent of any selection of six clear fields and constructing it

takes O(n) time and occurs once for the entire algorithm.

4.4.2 Detect Inside-Walk Crossings

Section 4.4 deals with evaluating each selection of six proper clear fields with no

dual vertices in common and applying each of the two possible pentagon colorings to

determine the configuration with the minimum penalty. Section 4.4.1 gave a method

to compute the two penalties, one for each pentagon coloring for each selection of six

clear fields. This method relied on an oracle to provide the value OddI for a specific

inside walk I (Figure 4.11), which is true if the number of edges of I crossed by the six

pairing paths (one per selected clear field) is odd and otherwise is false. This section

provides such an oracle that takes O(n) time for initialization that occurs once and

then O(1) time to answer a query for OddI .

Throughout this section, let �� ��ab be a proper clear field and label a and b such

that num(a) < num(b). Let i be the zero-based index of �� ��ab in the list of all of

the C proper clear fields. Let �� ��cd be a coloring tree clear field and label c and d

such that num(c) < num(d). Let j be the zero-based index of �� ��cd in the list of the

eleven coloring tree clear fields. Let Icd be the inside walk of �� ��cd.

The task is to answer queries for OddIcd in O(1) time. The output of the algo-

rithm in this section is a collection of OddCrossings arrays that are created such

that OddCrossingsi[j] is true if the number of times
Ð→
ab crosses Icd is odd and false

otherwise. Given a selection of six proper clear fields with no dual vertices in common

from Section 4.4.1, let their unique indexes be i0, i1, . . . , i5. Then OddIcd is computed

as

OddIcd = (((((OddCrossingsi0[j]⊕OddCrossingsi1[j])⊕OddCrossingsi2[j])
⊕OddCrossingsi3[j])⊕OddCrossingsi4[j])⊕OddCrossingsi5[j])

where ⊕ is the exclusive-or operation.
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An overview of the approach is as follows.

1. Initialize each OddCrossingsi[j] value to false.

2. For each choice of a coloring tree clear field �� ��cd, visit the dual vertices on

the walk
Ð→
cd and leave a token at each of the xcd + ycd − 1 vertices of degree six.

Tokens are left at these dual vertices because the primal edges that compose Icd

are those on the right side of
Ð→
cd. Each token records:

the value j, which is a unique number from 0 to 10 that identifies �� ��cd

the dual vertex number of the previous vertex in
Ð→
cd, and

whether or not the wide right turn occurs at this dual vertex (which occurs

once if ycd > 0).

3. Loops through each choice of a proper clear field �� ��ab. Recall that if �� ��ab

were to be one of the six selected clear fields in Section 4.4.1, then the pairing

path would use the edges of
Ð→
ab. Visit the dual vertices on the walk

Ð→
ab and looks

for tokens left at each face. By using the cases shown in Figure 4.14, each token

is analyzed to see if it indicates a crossing with the inside walk represented by

the token.

By first leaving the tokens for each of the eleven coloring tree clear fields and then

walking
Ð→
ab for every clear field, the crossings are detected for every pair of �� ��ab and

�� ��cd.

Pseudo-code for an algorithm to perform such a calculation is given in Algorithm

4.6. The initialization consists of creating the OddCrossings arrays and initializing

the values to false (Line 2) as well as creating an empty token list at each dual vertex

of degree six (Line 3). For each coloring tree clear field �� ��cd, the algorithm walks

along
Ð→
cd and leaves a token at each dual vertex of degree six (Line 5).

To detect the crossings in O(n) time, a method is followed similar to that used

in Algorithm 4.4, which walked the sixty axes instead of each clear field separately.

There are some notable differences from Algorithm 4.4, particularly with regard to

which clear fields are represented by an axis. The algorithm processes each of the

sixty axes one-by-one (Line 6). For a particular axis A` (0 ≤ ` ≤ 59), the algorithm

constructs an array CFs of associated clear fields (Line 7) as follows. Clear field �� ��ab

is included in CFs if and only if walk
Ð→
ab uses the axis. That is, �� ��ab is in CFs if

A` is the y-axis of the quintant of �� ��ab at a or if A` is the x-axis of the quintant of

�� ��ab at b. Along with each clear field �� ��ab in CFs, a sort-value is stored, which is
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foreach Clear Field CFi (i← 0 to C − 1) do1

Create array OddCrossingsi of size 11 to store in OddCrossingsi[j] whether the2

number of crossings of CFi with the j-th coloring tree inside walk is odd; initialize
to false;

Create empty token list at each hexagon;3

foreach coloring tree clear field CTCFj (j ← 0 to 10) do4

Label CTCFj as �� ��cd with num(c) < num(d) and walk along
Ð→

cd leaving a token5

at each of the xcd + ycd − 1 dual vertices of degree six;
foreach Axis A` (`← 0 to 59) do6

Create CFs, an array of clear fields that use A` as an x- or y-axis, sorted by7

increasing sortV alue (x- or y-value as appropriate);
Create OddCrossingsByAxis, an array of size 11 initialized to false;8

if length(CFs) = 0 then skip to the next axis;9

/* OddCrossingsByAxis[j] complements each time A` crosses CTCFj */

k ← 0 ; /* k is the smallest index of a CF in CFs with sort-value ≥ d10

*/

/* Walk along A` as far as the largest associated clear field */

for d← 1 to CFs[length(CFs) − 1].sortV alue do11

Move to the hexagon distance d along axis A`;12

while CFs[k].sortV alue < d do /* Increment k as needed */13

for j ← 0 to 11 do /* Record crossings CFs[k] had with CTCFj */14

OddCrossingsCFs[k][j]←15

OddCrossingsCFs[k][j]⊕OddCrossingsByAxis[j];

k ← k + 1;16

foreach token t in the token list at current hexagon do17

if Case 4.14(a) or 4.14(b) or 4.14(c) or 4.14(d) or 4.14(e) or 4.14(f) then18

/* Record crossing between token’s CTCF t.CF and all CFs using

A` with sort-value ≥ d */

OddCrossingsByAxis[t.CF ]← ¬OddCrossingsByAxis[t.CF ];19

if Case 4.14(d) or 4.14(e) or 4.14(f) then20

/* Line 19 recorded crossing for CFs with sort-value ≥ d, but

should only be for sort-value > d, so undo the over-count if

sort-value = d (at most 2 CFs). */

if CFs[k].sortV alue = d then21

OddCrossingsCFs[k][t.CF ]← ¬OddCrossingsCFs[k][t.CF ];22

if k < length(CFs) − 1 and CFs[k + 1].sortV alue = d then23

OddCrossingsCFs[k+1][t.CF ]← ¬OddCrossingsCFs[k+1][t.CF ];24

while k < length(CFs) do /* Loop through last 1 or 2 CFs in CFs */25

for j ← 0 to 10 do /* Record crossings CFs[k] had with CTCFj */26

OddCrossingsCFs[k][j]← OddCrossingsCFs[k][j]⊕OddCrossingsByAxis[j];27

k ← k + 1;28

Algorithm 4.6: A O(n) algorithm for determining whether the number of times
each clear field’s pairing path crosses each coloring tree’s inside walk is even or odd.
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(a) (b) (c) (d) (e) (f)

Figure 4.14: The six cases in which arc (vd−1, vd) of an axis (thin, solid) meets a

token for the walk
Ð→
cd of a coloring tree clear field �� ��cd (dashed) to detect a recent

or future crossing of the axis and Icd (bold primal edges). Arc (u, vd) is shown as
bold, dashed.

yab if A` is acting as the y-axis and xab if A` is acting as the x-axis. The clear fields

in CFs are sorted by this sort-value in increasing order. The goal is to visit the dual

vertices of each axis and detect when the axis crosses over each of the eleven inside

walks marked by tokens and then mark the appropriate clear fields in CFs as having

crossed the inside walks.

Given a particular axis, the algorithm visits its dual vertices with the distance

walked along the axis recorded as the value d (Line 12). At each dual vertex d steps

along the axis, let vd be the dual vertex at distance d along the axis, then arc (vd−1, vd)
was followed to arrive at vd and arc (vd, vd+1) will be followed next.

The list of tokens at vd is then analyzed (Line 17). Let t be a token in the list.

Token t contains information about the previously visited vertex along the walk
Ð→
cd

that it represents. Let u be the dual vertex previously visited by t. Thus, arc (u, vd)
is in

Ð→
cd. As shown in Figure 4.14, one or two of the primal edges of the hexagon at

vd are in Icd, depending on whether or not t indicates that
Ð→
cd made a wide right turn

at vd. If a wide right turn is made at vd (Figures 4.14(c) and 4.14(f)), then the dual

edge 5 clockwise positions around vd after dual edge (u, vd) crosses the only primal

edge of the hexagon at vd that is in Icd. If no turn is made at vd (Figures 4.14(a),

4.14(b), 4.14(d), and 4.14(e)), then the two dual edges 4 clockwise positions and 5

clockwise positions around vd after (u, vd) each cross a primal edge in Icd.

Six mutually exclusive cases are considered for when arc (vd−1, vd) has just crossed
an edge of Icd (Figures 4.14(a), 4.14(b), and 4.14(c)) and when arc (vd, vd+1) will cross
an edge of Icd (Figures 4.14(d), 4.14(e), and 4.14(f)). In the cases where the axis has

just crossed the inside path, every clear field in CFs with sort-value greater than or

equal to d indicates a crossing. In the cases where the axis is about to cross the inside

path, every clear field in CFs with sort-value greater than d indicates a crossing.

To aid the bookkeeping of the crossings, an array OddCrossingsByAxis of eleven

boolean values is created. Before any dual vertices of an axis are walked, these eleven
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values are initialized to false (Line 8). As the dual vertices of an axis are visited, the

value OddCrossingsByAxis[j] records whether or not the number of times the axis

has crossed the inside path of coloring tree clear field number j is odd (the details

of maintaining OddCrossingsByAxis are provided later). Recall that the sort-value

of a clear field in CFs is the number of dual vertices of degree six on the current

axis that are used by the clear field. As in Algorithm 4.4, the value k is maintained

(Lines 10 and 16) to be the smallest index such that the sort-value of CFs[k] is at
least d. When d is incremented, the algorithm checks to see if CFs[k].sortV alue < d

(Line 13) and if it is, k is incremented (Line 16). If this is the case, then before k is

incremented, the algorithm sets

OddCrossingsCFs[k][j]← OddCrossingsCFs[k][j]⊕OddCrossingsByAxis[j]
for each 0 ≤ j ≤ 10 (Line 15). This updates each global odd/even value to include the

odd/even value of the number of times the axis has crossed each inside walk, because

clear field CFs[k] uses only the dual vertices v0 through vd−1 of the axis. Such an

update is also done at the end of the axis, when d reaches the value of the largest

sort-value in CFs (Line 27).

What remains to be discussed is how to adjust the values in OddCrossingsByAxis

as the algorithm increments d and visits vd. The value OddCrossingsByAxis[j]
represents the odd/even value of the number of times the clear fields in CFs with

index k or greater (those with a sort-value of at least d) cross coloring tree clear field

number j. The cases in which a token indicates the axis has just crossed an inside

walk (4.14(a), 4.14(b), and 4.14(c)) and when it indicates the axis is about to cross an

inside walk (4.14(d), 4.14(e), and 4.14(f)) are handled differently. In the former three

cases, every clear field in CFs with a sort-value greater than or equal to d crosses

the inside walk. In the latter three cases, every clear field in CFs with a sort-value

greater than d crosses the inside walk. Instead of recording a crossing for each clear

field with sort-value greater than or equal to d for the former cases and with sort-value

greater than d for the latter cases, the algorithm does two things. First, it records

a crossing for all clear fields with a sort-value greater than or equal to d for all six

cases by negating the appropriate OddCrossingsByAxis[j] value (Line 19). Second,
it effectively subtracts a crossing for those with sort-value equal to d in the latter

cases by negating the appropriate OddCrossings value (Lines 21-24).

The running time analysis of Algorithm 4.6 is straightforward. The initial loop

through the clear fields takes O(C) time because the initialization of each of the
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OddCrossings arrays takes constant time. To create an empty token list at each

hexagon takes O(n) time for the O(n) hexagons. For each coloring tree clear field

�� ��cd, walking along
Ð→
cd takes O(n) time and there are O(1) coloring tree clear fields.

The analysis of walking along the axes is more involved. Note that the two while

loops together take O(C) time for each axis. There may be at most eleven tokens at

a given hexagon and it is possible to determine which case of Figure 4.14 applies in

constant time. Therefore, visiting the O(n) dual vertices of degree six of an axis takes

O(n) time. For each axis, initialization of the array CFs can be done in O(C lgC)
time by scanning the O(C) clear fields to find the subset that use the axis and then

naively sorting the array values. Because C ∈ O(lgn), walking the sixty axes takes

O(n) time, for O(n) time overall.

4.4.3 Summary

Phase 3 consists of several parts that fit together to find an optimal selection of six

proper clear fields that have no dual vertices in common and a coloring of the clear

fields such that the minimum penalty is achieved. The following procedure is used:

1. As in Section 4.4.1, use a breadth-first search to find eleven proper clear fields

to construct the coloring tree. This takes O(lgn) time.

2. For each pair of a proper clear field �� ��ab (labeled such that num(a) < num(b))
and a coloring tree clear field �� ��cd, determine whether the pairing path follow-

ing
Ð→
ab crosses the inside path Icd an even or odd number of times (Algorithm

4.6, Section 4.4.2). This takes O(n) time.

3. Find an optimal pairing by considering each selection of six proper clear field

that have no dual vertices in common (and thus pair the degree five vertices).

There are O(lg6 n) such selections. For each selection:

(a) Use the coloring tree and the output of Algorithm 4.6 to determine the

color of the six selected clear fields assuming pentagon 0 is white, then

compute the penalty of this configuration (Algorithm 4.5, Section 4.4.1).

This takes O(1) time.

(b) Invert the colors of the clear fields found in the previous step to find the

other coloring choice, then compute the penalty of this configuration (Al-

gorithm 4.5, Section 4.4.1). This takes O(1) time.

(c) Remember the selection of six clear fields and an associated color that

achieves the minimum penalty of all such configurations considered so far.

This takes O(1) time.
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Altogether, this step takes O(lg6 n) time.

Overall, these parts take O(n) time and so the running time of Phase 3 is O(n).
4.5 Phase 4: Construct a Maximum Independent Set

The method of obtaining a maximum independent set from an optimal pairing was

discussed briefly in Section 4.1. First, choose a pairing path for each of the six proper

clear fields that compose the optimal pairing. For each primal edge that corresponds

to a dual edge on a pairing path, one endpoint is colored gray. The graph induced by

the uncolored vertices is bipartite. The optimal pairing indicates a color for each clear

field and thus each pentagon. Color the uncolored vertices of pentagon 0 as specified

by the color for the optimal pairing. A simple breadth-first search on the uncolored

vertices can color each such that no two whites or blacks are adjacent. The maximum

independent set is given by the vertices that are colored white in this manner.

Identifying the pairing paths and coloring the gray vertices takes O(n) time. Then

coloring the rest of the vertices using a simple breadth-first search takes O(n) time.

Hence the whole graph can be colored in O(n) time.

4.6 Conclusion

An algorithm to find a maximum independent set of vertices of a fullerene was pre-

sented by breaking the problem into four phases that run sequentially. Each phase

was discussed and the runtime was found to be O(n) in all four cases. Therefore, the

entire algorithm runs in O(n) time.

This algorithm was run on the 10,190,782 distinct fullerene graphs on 120 or fewer

vertices. The results agreed with computations by the backtracking algorithm used

in [23].

A number of open problems still remain. These include the following problems.

Speed Improvements. During the development of this algorithm, the author

wrote a simpler version (shorter algorithm) that considered all of the clear fields,

not just the proper clear fields. This resulted in a running time that was in O(n6),
however the implementation timing results showed that it actually ran faster on av-

erage than the O(n) algorithm. Figure 4.15 shows a plot of the running times of the

implementation of the O(n) algorithm, the O(n6) algorithm and the backtracking

algorithm used in [23]. The slower running time on average of the O(n) algorithm
over the O(n6) algorithm is likely due to the overhead required to only discover the

proper clear fields and the algorithmic tricks used to decrease the theoretical running

time in Phases 2 and 3. It is an open problem to improve the running time of the
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Figure 4.15: Comparison of implementation timings of independence number algo-
rithms.

O(n) algorithm to make it competitive with the O(n6) algorithm. It is not clear how

practical it is to put effort into this area when the difference is only a thousandth

of a second, though this equates to a difference in the running time for all fullerenes

on 200 vertices of approximately 2.5 days. One possible area of improvement is to

combine the work in Phase 2 and the pre-processing step of Phase 3 because they

have a similar approach of walking the 60 axes and leaving tokens.

Number of Maximum Independent Sets. There is some interest [43] in enu-

merating or counting the number of maximum independent sets of a fullerene. This

can be easily accomplished by modifying the algorithm to find all optimal pairings

instead of just the first one it encounters. If only a count is desired, Theorem 3.2.3(i)

can be applied to each optimal pairing and Phase 4 can be omitted since there is no

need to construct the sets. Such a counting algorithm would have a running time in

O(n). Note that the number of sets counted or enumerated in this manner would not

filter out isomorphic copies in the case where the fullerene has symmetry. It would
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be interesting to see if any fullerenes have a unique (up to isomorphism) maximum

independent set.



Chapter 5

Independent Sets of Some

Fullerene Families

T
his chapter looks at several families of fullerenes and their related properties.

These families are viewed in the context of a maximum independent set.

The families discussed here are collections of fullerenes that have a property

in common. These properties, for example, may be that the fullerenes are the result

of a transformation from another fullerene, or that the fullerenes attain the maximum

possible independence number for their size.

5.1 Leapfrogs

The leapfrog transformation is a well-defined one-to-one transformation that converts

any fullerene into a fullerene with three times the number of vertices [25, 3.4]. The

procedure to create a leapfrog fullerene F 1 from fullerene F 0 is to first add two vertices

on each side of an edge of F 0 and join them with an edge. For n vertices of F 0, there

are 3n/2 edges and therefore 3n vertices of F 1. Adding vertices in this manner makes

each face of F 0 correspond with five or six vertices of F 1, depending on whether the

face is a pentagon or a hexagon, respectively. For each face of F 0, the vertices of

a

bc

(a) A clear field in F 0 between a and b (shaded)
does not imply the existence of a clear field in
F 1 between a and b due to c.

a

b

(b) A clear field in F 1 between a and b (shaded)
does not imply the existence of a clear field in
F 0 between a and b.

Figure 5.1: Examples showing that a clear field may exist in the original (F 0, black)
or leapfrog (F 1, white) fullerenes without a corresponding clear field in the other.
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Figure 5.2: An example of a clear field (black) with dimensions (3,2) and its corre-
sponding double-leapfrog clear field (white) with dimensions (9,6).
F 1 are joined by an equal number of edges by adding an edge between each pair of

vertices that were assigned to adjacent edges of F 0.

When the leapfrog fullerene F 1 is created from a fullerene F 0, the structure is

changed. Each pentagon of F 0 corresponds with exactly one pentagon of F 1. How-

ever, a clear field in F 0 between two pentagons does not necessarily correspond with

a clear field in F 1. Figure 5.1(a) shows a shaded clear field in F 0 between pentagons

a and b with dimensions (3,0). The leapfrog patch that corresponds to this clear

field would form a clear field with dimensions (3,3), except that pentagon c is in the

region. Conversely, Figure 5.1(b) shows a shaded clear field in F 1 between pentagons

a and b with dimensions (3,0). There is, however, no corresponding clear field in F 0.

Knowledge of the existence and locations of the clear fields of F 0 does not give

knowledge about the clear fields in F 1. This makes it difficult to determine a max-

imum independent set for an arbitrary leapfrog fullerene, even if the optimal set of

clear fields is known for the original fullerene.

5.2 Double Leapfrogs

A double-leapfrog fullerene F 2 is created from a fullerene F 0 by applying the leapfrog

transformation twice. If F 0 has n vertices, then F 2 has 9n vertices. When a double-

leapfrog fullerene is created from a fullerene, it retains the original structure and the

distances between the original faces are three times the original distances. Thus, odd

distances remain odd and even distances remain even.

Because F 2 has the same structure as F 0, the quintants of F 0 map directly to the

quintants of F 2. The double leapfrog transformation triples the distances between
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dual vertices, so the clear fields of F 0 and F 2 have a one-to-one correspondence and

a clear field in F 0 with dimensions (x, y) corresponds with a clear field in F 2 with

dimensions (3x, 3y). Figure 5.2 shows an example of a clear field subgraph in F 0 and

the corresponding clear field subgraph in F 2.

The strong relationship between the clear fields in F 0 and F 2 imply that the

optimal clear fields in the original fullerene give the optimal clear fields in the double-

leapfrog. If a set of six optimal clear fields of the original fullerene is known along

with the colors of the clear fields for the optimal arrangement, the same selection and

colors can be used on the dual-leapfrog fullerene to construct a maximum independent

set. If one is only concerned with the size of the maximum independent set, it is easy

to find α(F 2) from α(F 0), as shown in the next theorem.

Theorem 5.2.1. Let F 0 be a fullerene on n0 vertices and let F 2 be the 9n0-vertex

fullerene that is the result of two successive leapfrog transformations of F 0. Then

α(F 2) = 3(n0 + α(F 0)).
Proof. When two leapfrog transformations are applied, the structure is the same and

the distances in the dual are tripled. Thus, the penalty of each clear field (either 2x+y

or 2y + x for a clear field with dimensions (x, y)) is also tripled. Let p0 be the sum

of the penalties of a set of six optimal clear fields of F 0. Then α(F 0) = n0/2 − p0/3
(Equation (3.2)) and so α(F 2) = 9n0/2 − 3p0/3 = 3(n0 + α(F 0)).

This result can be generalized for any even number of successive leapfrog trans-

formations.

Theorem 5.2.2. Let F 0 be a fullerene on n0 vertices and let F 2d be the 9dn0-vertex

fullerene that is the result of 2d successive leapfrog transformations of F 0. Then

α(F 2d) = 3d

2
(3d − 1)n0 + 3dα(F 0).

Proof. Theorem 5.2.1 can be applied repeatedly where the fullerene after 2i leapfrog

transformations has 9i vertices. This yields the recurrence

f(d) = 3(9d−1n0 + f(d − 1)) with f(0) = α(F 0),
the solution of which gives the result.



CHAPTER 5. INDEPENDENT SETS OF SOME FULLERENE FAMILIES 88

Theorem 5.2.3. Let F 2d be a fullerene on n2d vertices that is the result of 2d suc-

cessive leapfrog transformations from some other fullerene. Then,

α(F 2d) ≥ n2d

2
−

n2d

8 ⋅ 3d
.

Proof. It has been shown that α(F 0) ≥ 3n0/8 for any fullerene F 0 on n0 vertices [34].

Substituting this into the result of Theorem 5.2.2 gives

α(F 2d) ≥ 3d

2
(3d − 1)n0 +

3d3n0

8

=
9dn0

2
−
3dn0

8
. (5.1)

Substituting n2d/9d = n0 yields the result.

This lower bound has the form n/2 − k. At first glance, it may appear that one

can use this new bound to find a fullerene with an arbitrarily small k > 0 by a

sufficient choice of d. This is not the case because n and d are not independent; n

grows exponentially with d. Equation (5.1) shows that the distance k from n/2 grows

exponentially with d. However, in another sense, this bound improves because the

ratio k/n = 1/(8 ⋅ 3d) decays exponentially with increasing d. This is to be expected

because as d increases, the distance between the pentagons grows linearly while the

vertex count grows exponentially.

Furthermore, notice that n0 ≥ 20 because the smallest fullerene has 20 vertices.

This gives the following lower bound that relies only on d:

α(F ) ≥ 10 ⋅ 9d − 5 ⋅ 3d

2
.

5.3 An Upper-Bound Achieving Family

There is a fullerene family that attains the upper bound of n/2 − 2 and the family

includes a fullerene at all values of n for which a fullerene exists except 20, 24, 28,

and 32. A fullerene in this family has its twelve pentagons arranged in two patches of

six pentagons, with the patches at opposite ends of the fullerene. Figure 5.3(a) shows

these two patches as well as the vertices in the independent set (white). The twelve

pentagons are labeled with letters a through l. In order to attain the upper bound,

a Graver coloring must have a total penalty of 6. The smallest penalty that a clear

field can have is 1 and this only occurs if the clear field has dimensions (1,0) and is

colored black such that its penalty is 1 + 2 ⋅ 0. A fullerene in this family attains the
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a
b c

d

e

f

g

h i

j

kl

p
r

p

r

r

p

p

r

(a) Two pentagon patches

r

p

p

r

a/f

b/e

l/g

k/h

(b) Clear fields joining the patches

Figure 5.3: The two patches of pentagons used to construct a fullerene with α(F ) =
n/2 − 2. To construct the fullerene, pair pentagons a and l as well as f and g with
clear fields of size (p, r) as indicated.
upper bound by using six such clear fields. These clear fields are �� ��ab, �� ��cd, �� ��ef ,

�� ��gh, �� ��ij, and �� ��kl.

In addition to the six clear fields that form the optimal pairing, two clear fields

�� ��al and �� ��fg also exist that use the quintants indicated by the arrows in Figure

5.3(a). A fullerene in this family can be specified by giving �� ��al and �� ��fg dimensions

(p, r) for any choice of p and r such that p ≥ 0, r ≥ 0, and p + r > 0. Figure 5.3(b)

illustrates �� ��al ( �� ��fg) as well as the locations of pentagons b (e) and k (h). The

coloring pattern in Figure 5.3(b) is aligned with that in Figure 5.3(a). Any choice of

p and r results in a coloring in which every hexagon contains three white vertices and

every pentagon contains two white vertices. Hence, the fullerene has an independent

set order as large as possible with n/2 − 2 white vertices.

The complete fullerene signature (see [29, 30]) is shown in Figure 5.4. For n = 26,

30, and 34, the symmetry-group orders are 12, 4, and 6, respectively. For all other

choices of n, the constructed fullerenes have no symmetry.

In Figure 5.5(a), the faces of the signature of Figure 5.4 are drawn on a trian-

gular tessellation of the plane. To build a three-dimensional model of the fullerene,

use scissors to cut along the outside boundary and tape the result by making the

identifications indicated by the vertex labels. Taking the dual of the graph on the
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Figure 5.4: A signature-style drawing (see [30]) of a fullerene family that maximizes
α(G). The Coxeter coordinates between the pentagons are shown along with the
angles between them.

tessellation gives the resulting fullerene.

The fullerene family has so far been described using the parameters p and r, but

a formula for n can be derived. To find the formula, count the number of hexagons

present in the fullerene. This is the number of triangle corners inside the faces of

Figure 5.5(a). Figure 5.5(b) shows the larger two faces with their boundaries shifted

for no net change in area. From this, it can be seen that the larger two faces contain

7r + 2(p − 1) hexagons. There are three additional hexagons in the fullerene: one in

the signature face hijkl, one between a and e, and one between f and c (the same

three shown in Figure 5.3(a)). Therefore, there are 7r + 2(p − 1) + 3 hexagons, which

together with the 12 pentagons make 7r + 2p + 13 faces, so n = 22 + 4p + 14r. No

fullerenes exist for p = r = 0, however any other non-negative choice of p and r results

in a valid construction. When r = 0, n = 22 + 4p and when r = 1, n = 36 + 4p, which

together cover every value of n with a fullerene except 20, 24, 28, and 32.

It is possible to determine a face spiral sequence for a fullerene of this family from

the knowledge of p or n. A fullerene in this family may be thought of as a tube with

a patch of six pentagons on each end. There are seven possible alignments of the

two patches, with two fullerenes having the same alignment if their p values differ by

a multiple of 7. Because of these seven possible alignments, the spiral sequence has

seven possibilities. The face spiral sequence is given numerically below followed by
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a

a
f

e

c
b

lkji

gh
l

iij

k

d
b d d c

(p,r)

(p,r)

(p,r)

(a) The fullerene drawn on a triangular tessellation

a

a

f
e

c b

lkji

ghl

r

p

p

r

(b) A diagram to help count the number of hexagons

Figure 5.5: A fullerene in the family described by Figure 5.3. Here, p = 6 and r = 7.

the letters of the pentagons listed in the order they are visited by the sequence. Also

included is a list of the five smallest family members for each case.

Case p ≡ 0 (mod 7) i.e. n ≡ 1 (mod 7): C36∶10, C50∶79, C64∶454, C78∶1527, C92∶4857

0, 1, 2, 4, 6, 10,
n

2
− 5,

n

2
− 4,

n

2
− 3,

n

2
− 2,

n

2
− 1,

n

2

d, b, c, e, a, f, l, k, j, i, g, h
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Case p ≡ 1 (mod 7) i.e. n ≡ 5 (mod 7): C26∶1, C40∶22, C54∶125, C68∶682, C82∶2150

0, 1, 2, 4, 6, 10,
n

2
− 6,

n

2
− 5,

n

2
− 4,

n

2
− 2,

n

2
− 1,

n

2
+ 1

d, b, c, e, a, f, l, k, j, g, h, i

Case p ≡ 2 (mod 7) i.e. n ≡ 2 (mod 7): C30∶3, C44∶43, C58∶207, C72∶975, C86∶2974

0, 1, 2, 4, 6, 10,
n

2
− 7,

n

2
− 6,

n

2
− 3,

n

2
− 2,

n

2
,
n

2
+ 1

d, b, c, e, a, f, l, k, g, h, j, i

Case p ≡ 3 (mod 7) i.e. n ≡ 6 (mod 7): C34∶6, C48∶69, C62∶341, C76∶1389, C90∶3943

0, 1, 2, 4, 6, 10,
n

2
− 8,

n

2
− 4,

n

2
− 3,

n

2
− 1,

n

2
,
n

2
+ 1

d, b, c, e, a, f, l, g, h, k, j, i

Case p ≡ 4 (mod 7) i.e. n ≡ 3 (mod 7): C38∶11, C52∶115, C66∶505, C80∶1975, C94∶5262

0, 1, 2, 4, 6, 10,
n

2
− 5,

n

2
− 4,

n

2
− 2,

n

2
− 1,

n

2
,
n

2
+ 1

d, b, c, e, a, f, g, h, l, k, j, i

Case p ≡ 5 (mod 7) i.e. n ≡ 0 (mod 7): C42∶26, C56∶194, C70∶751, C84∶2684, C98∶6856

0, 1, 2, 4, 6, 10,
n

2
− 6,

n

2
− 5,

n

2
− 3,

n

2
− 2,

n

2
− 1,

n

2

d, b, c, e, a, f, g, h, l, k, j, i

Case p ≡ 6 (mod 7) i.e. n ≡ 4 (mod 7): C46 ∶48, C60 ∶294, C74 ∶1080, C88 ∶3652, C102 ∶

8828

0, 1, 2, 4, 6, 10,
n

2
− 7,

n

2
− 4,

n

2
− 3,

n

2
− 2,

n

2
− 1,

n

2

d, b, c, e, a, f, g, l, k, j, i, h

Note that for n = 26, 30, and 34 (those with some symmetry), the correct face spiral

sequence values are computed by the given formulas, but not in sorted order. For

n ≥ 42, the sequence produced is the lexicographically smallest of all possible face

spiral sequences.



CHAPTER 5. INDEPENDENT SETS OF SOME FULLERENE FAMILIES 93

Finally, it was observed that for n = 28 and 32, the face spiral sequences given by

the appropriate cases correctly describe fullerenes C28∶2 (symmetry-group order 24)

and C32∶4 (order 2), which also achieve the upper bound. There is no corresponding

value pair of p and r to generate these fullerenes, so they are technically not included

in the family. The result, though, is a remarkable group of seven cases that specify

face spiral sequences for an upper bound achieving fullerene at all values of n except

20 and 24 (there are no fullerenes that achieve the bound for n = 24).

5.4 Symmetrical Upper-Bound Achieving Families

The previous subsection detailed a fullerene family that achieves the upper bound of

n/2− 2 for all but five values of n, however the fullerenes in this family have no sym-

metry except for the smallest three members. Symmetrical families with independent

set order n/2−2 can be found by looking in the catalog of highly symmetric fullerenes

[29]. This section covers five such families. One of these families has symmetry-group

order 20 and two have order 12. Together, these first three families cover 40% of

the values of n. The last two families of the five have symmetry-group order 24 (the

highest possible) and cover n sparsely.

The catalog of all fullerenes with ten or more symmetries [29] may be used to

find families with symmetry-group order at least 10 that achieve the upper bound

of n/2 − 2 by looking at the signature graphs in the catalog. A Coxeter coordinate

of (p) corresponds with a clear field of size (p,0) and a Coxeter coordinate of (p, q)
corresponds with a clear field of size (p, q). When reading through the catalog to

locate upper bound families, the first requirement is that the pentagons can be paired

by six clear fields of size (1,0). Secondly, the angles must be checked to verify that

each of these six clear fields can be colored black to each achieve the minimum penalty

of 1.

From analysis of [29], there are three families that attain the upper bound of

n/2 − 2 and contain fullerenes at equally spaced values of n:

1. Family A4 with r = 1 is shown in Figure 5.6(a). This family has symmetry-

group order 20. A fullerene exists in this family for all values p ≥ 1 and has

20p + 20 vertices.

2. Family R6 with p = 1 is shown in Figure 5.6(b). This family has symmetry-

group order 12. A fullerene exists in this family for all values q ≥ 1 and has

12q + 20 vertices.

3. Family K3 with r = 1 is shown in Figure 5.6(c). This family has symmetry-group
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(p, p+1)

(p+1, p)

(a) Family A4 with r = 1

(q, 1)

(1, q)

(b) Family R6 with p = 1

(s)

(c) Family K3 with r = 1

Figure 5.6: Three fullerene families from [29]. The Coxeter coordinate(s) of labeled
edges are as stated and of an unlabeled edge is (1). Bold edges represent an optimal
pairing of pentagons.

(p, p+1)

(p+1, p)

(a) Family A8 with r = 1

(r) *
* *

* *
*

*
**

*
* *

*

(b) Family C1 with s = 1

Figure 5.7: Two fullerene families from [29] with symmetry-group order 24. The
Coxeter coordinate(s) of labeled edges are as stated and of an unlabeled edge is (1).
Bold edges represent an optimal pairing of pentagons.

order 12. A fullerene exists in this family for all values s ≥ 1 and has 12s + 14

vertices.

Other than the fullerene on 20 vertices having symmetry-group order 120, the

fullerenes with the highest symmetry-group order that achieve the n/2 − 2 upper

bound are found in two families with symmetry-group order 24. The first family,

shown in Figure 5.7(a), is named A8 with r = 1 in [29]. A fullerene exists in this

family for all values p ≥ 1 and has 24p2+48p+20 vertices, the first few values of which

are 92, 212, 380, 576, and 840.

The only other family with symmetry-group order 24 is shown in Figure 5.7(b).

The family name is C1 with s = 1 in [29]. A fullerene exists in this family for all values

r ≥ 1 and has 8r2 + 16r + 4 vertices, the first few values of which are 28, 68, 124, 196,
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and 284. A face spiral sequence (not necessarily lexicographically-smallest) for this

family is given by:

0, 1, 2r2 + r, 2r2 + 2r, 2r2 + 3r + 1, 2r2 + 4r + 1,

2r2 + 4r + 2, 2r2 + 5r + 2, 2r2 + 6r + 3, 2r2 + 7r + 3, 4r2 + 8r + 2, 4r2 + 8r + 3.

5.5 Open Problems

The following related problem remains open.

Formulas for Other Families. Graver found a formula for α(G) on icosahedral

fullerenes [31] from the knowledge of where the optimal clear fields are. One could

analyze some families in Graver’s catalog of fullerenes with ten or more symmetries

[29] to determine if the optimal set of clear fields is completely determined by its

catalog entry, regardless of the parameter values. If this is the case, formulas can be

found for other families of fullerenes in terms of the parameters that determine the

size. When approaching this problem, it would be helpful to determine if the Coxeter

coordinates that are listed in a family’s signature always include the clear fields that

are in the optimal set.

Fullerenes that Minimize the Independence Number. Some families de-

scribed in this chapter consist of fullerenes that maximize the independence number

over all fullerenes of the same size. An open problem is to find families that instead

minimize the independence number. Attempts were made in this area that included

looking at the outliers in Table 3.1 at n = 40, 54, 56, 58, 60, 70, 72, 76, 78, 80, 82,

86, 100, 108, 110, 112, and 114. Finding a family of fullerenes that maximizes the

independence number is much easier than a family that minimizes because the upper

bound on the independence number is tight whereas the best known lower bound

(3n/8 from [34]) is far from being tight. It is easy to prove that a fullerene maximizes

the independence number by proving it attains the upper bound, whereas a proof

for minimization by attaining the lower bound is not possible without improving the

bound.

In order for a fullerene to minimize the independence number over all fullerenes

of the same size, the clear fields that pair the pentagons must have relatively large

penalties, yet still produce the minimum penalty. That is, the distances between

the pentagons must be large relative to the other fullerenes with the same number

of vertices. Intuitively, this occurs when the pentagons are most uniformly spread

out, which is the case for the icosahedral fullerenes. Graver’s work on the icosahedral
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fullerenes [31] showed that an icosahedral fullerene F with Coxeter coordinates (p +
r, p) has n = 60p2 + 60pr + 20r2 vertices and α(F ) = n/2 − (6p + 2r). This is because

each clear field that corresponds with the pairing paths has dimensions (p+ r, p). To
minimize α(F ), one seeks the situation α(F ) = n/2−k where k is the largest possible

function of n. This occurs when r = 0 for which α(F ) = n/2−3√n/15. There is strong
enough evidence and intuition that the author feels comfortable making the following

conjecture:

Conjecture 5.5.1. A family of fullerenes consisting of fullerenes that minimize the

independence number over all fullerenes of the same size is the family of icosahedral

fullerenes having Coxeter coordinates (p, p) (family A2 in [29]). (A fullerene F in

this family has n = 60p2 vertices and α(F ) = n/2 − 3
√
n/15.)

Lower Bound on the Independence Number. The best known lower bound

is 3n/8, which applies to all triangle-free cubic planar graphs [34]. Based on the discus-

sions of the previous open problem, a conjecture is made that the lower bound found

for the icosahedral fullerenes holds for all fullerenes. This conjecture is illustrated by

Figure 5.8.

Conjecture 5.5.2. A fullerene F satisfies α(F ) ≥ n/2 − 3
√
n/15.

Discussions with Daniel Král have led to an interesting approach that may improve

the lower bound of 3n/8 in a minor way. He took the approach of noting that the dual

graph is a planar graph and so it can be four-colored [45]. Therefore, there exists a

selection of at least 1/4 of the n/2+2 fullerene faces such that no two selected faces are

adjacent. For each face in the selection, assign three independent vertices to a vertex

set if the face is a hexagon and two vertices if the face is a pentagon. This vertex set

is an independent set that differs from 3n/8 by some small constant. Probabilistic

arguments could potentially be used to show that some number of vertices not on

one of the selected faces may be added to the set. This may result in a lower bound

of the form 3n/8 + k for sufficiently large fullerenes, or perhaps improve the ratio to

2n/5 for sufficiently large fullerenes, where computer search can verify the remainder.
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Chapter 6

Closed Shells and Inertia of

Unicyclic Graphs

T
he inertia of a graph is an integer triple specifying the numbers of negative,

zero, and positive eigenvalues of the adjacency matrix of the graph. A

unicyclic graph is a simple connected graph with an equal number of vertices

and edges. This chapter is adapted from [17] and presents a method of calculating

the inertia of a unicyclic graph from its maximum matchings.

Many articles have recently appeared about the eigenvalues of unicyclic graphs in

the context of matchings. Topics for such articles include general analysis [15, 39],

the spectral radius [11], energy [38, 53], largest eigenvalues [55], and nullity [44]. One

paper [32] uses methods similar to those presented here to determine the nullity of a

unicyclic graph, but not the number of positive and negative eigenvalues.

According to Hückel theory, the eigenvalues of a chemical graph (connected graph

with maximum degree at most three) specify the allowed energies of the π molecular

orbitals available for occupation by electrons. Such a graph or corresponding molecule

is said to be (properly) closed-shell if exactly half of its eigenvalues are positive

(requiring an even number of vertices), which indicates a stable π-system [25, p. 47].

The study of the inertia of chemical graphs and its relation to predicted stability has

been present for at least thirty-five years [33], though the predictors of stability differ

slightly from the ones presented here.

6.1 Notation

A unicyclic graph contains n vertices and hence n edges. Let Cq be the subgraph

induced by the vertices of the unique q-cycle of a unicyclic graph. Then G−V (Cq) is
the vertex-deleted subgraph created by removing the vertices of Cq and their incident

edges.

Let A be the adjacency matrix of G. Then the characteristic polynomial of G is

PG(λ) = a0λn + a1λn−1 + ⋯ + an, the characteristic polynomial of A. For any graph,

a0 = 1. The multiplicity of λ = 0 as a root of this polynomial is given by n− i where i

is the largest value such that ai is non-zero.

Let m(G) denote the size of the maximum matching of a graph G, counting

edges. Hence m(G) = n/2 means G has a perfect matching. A matching using i edges
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(0 ≤ i ≤ n/2) is called an i-matching. Let mi(G) denote the number of i-matchings of

G. By definition, m0(G) = 1 for any G.

The inertia of a graph G, In(G) = (p−, p0, p+), is a triple composed of the number

of negative, zero, and positive eigenvalues of A(G), respectively. The function sgn(x)
is the standard signum function:

sgn(x) =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−1 if x < 0,

0 if x = 0,

1 if x > 0.

6.2 Inertia

The inertia of a unicyclic graph is completely determined by the size q of its cycle

Cq, characteristics of the maximum matchings and, in the case q is odd, the size of a

maximum matching of G−V (Cq). The details are given in the main result, Theorem

6.2.6, which is proven in this section. The approach for the proof is to determine

the sign of a sufficient number of the coefficients ai in the characteristic polynomial

PG(λ). Descartes’ sign rule may then be applied to find p+, the number of positive

eigenvalues. Along the way, p0 is discovered and hence p− as well. This work uses

two well-known theorems, the latter of which can be found in almost any book on

the theory of equations, such as [52, p.124].

Theorem 6.2.1. [16, Theorem 1.3 p.32] Call an “elementary figure”

a) the graph K2, or

b) a cycle Cq (q ≥ 3),

and call a “basic figure” U any graph all of whose components are elementary figures.

Let Ui denote the set of all basic figures contained in G having exactly i vertices.

Define the “contribution” b(E) of an elementary figure E by

b(K2) = −1, b(Cq) = 2(−1)q+1

and a basic figure U by

b(U) = ∏
E∈U

b(E).
Then for i > 0,

ai = (−1)i ∑
U∈Ui

b(U).
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Theorem 6.2.2 (Descartes’ Sign Rule). The number of positive roots of a polynomial

f(x) = f0xn +f1xn−1 +⋯+fn with all real roots is equal to the number of sign changes

of fi proceeding from f0 to fn, ignoring fi = 0.

Descartes’ sign rule may be applied to PG(λ) because A has all real eigenvalues

since A is real and symmetric. The proof of the main result begins by finding the

sign of the coefficients of PG(λ) with even index. Note that here and henceforth an

edge “incident to the cycle” refers to such an edge that is not on the cycle.

Lemma 6.2.3. If G is a unicyclic graph with cycle Cq, then for 0 ≤ i ≤ ⌊n/2⌋,

sgn(a2i) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)i if q ≡ 0 (mod 4), 0 < i ≤m(G), and there exists an

i-matching containing an edge incident to the cycle,

(−1)i if q ≡ 0 (mod 4) and i = 0,

(−1)i if q ≡ 2 (mod 4) and i ≤m(G),
(−1)i if q is odd and i ≤m(G), and
0 otherwise.

Proof. Trivially a0 = 1, which is equal to the stated result (−1)i for any value of q

since m(G) ≥ 0.
Assume q is odd. Then any basic figure on an even number of vertices consists

only of copies of K2. Such a matching of 2i vertices exists only if i ≤m(G). Therefore,
for i > m(G), no basic figure exists and so sgn(a2i) = 0. Otherwise, each basic figure

contributes (−1)i to the sum for a2i, so sgn(a2i) = (−1)2i(−1)i = (−1)i.
Assume q is even and i ≥ 1. Since any even cycle can be decomposed into a

matching, sgn(a2i) = 0 when i > m(G). Suppose 2i < q, then any basic figure on 2i

vertices only contains copies of K2 and sgn(a2i) = (−1)i, as before. Finally, suppose

q ≤ 2i ≤ 2m(G) so that some basic figures on 2i vertices contain Cq and i− q/2 copies

of K2 and some basic figures contain only i copies of K2. Thus,

a2i = (−1)2i (mi−q/2(G − V (Cq)) [2(−1)q+1(−1)i−q/2] +mi(G) [(−1)i])
= (−1)i (2mi−q/2(G − V (Cq))(−1)q/2+1 +mi(G)) .

When q ≡ 2 (mod 4), this simplifies to show sgn(a2i) = (−1)i. When q ≡ 0 (mod 4),
this implies that sgn(a2i) = (−1)i sgn(mi(G) − 2mi−q/2(G − V (Cq))). But mi(G) ≥
2mi−q/2(G − V (Cq)) since 2mi−q/2(G − V (Cq)) matchings of G of size i can be found

by using the two matching in the cycle. Furthermore, mi(G) > 2mi−q/2(G − V (Cq))
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only when there exists a matching of G of size i that uses an edge between Cq and

G − V (Cq).
Lemma 6.2.3 is now simplified by determining when it is possible to have q ≡

0 (mod 4), i ≤m(G), and the existence of an i-matching containing an edge between

Cq and G − V (Cq).
Lemma 6.2.4. For G a unicyclic graph with cycle Cq, let

k =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

m(G) − 1 if q ≡ 0 (mod 4) and no maximum matching

contains an edge incident to the cycle, and

m(G) otherwise.

Then for 0 ≤ i ≤ ⌊n/2⌋,

sgn(a2i) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(−1)i if i ≤ k, and

0 otherwise.

Proof. The statement follows immediately from Lemma 6.2.3 except in the case where

q ≡ 0 (mod 4) and 0 < i ≤m(G). For the remainder of the proof, these two conditions

are assumed and used to prove that there exists an m(G)−1 matching containing an

edge incident to the cycle.

Notice that if an i-matching exists containing an edge incident to the cycle for i > 1

then such an (i−1)-matching also exists. Likewise, if no i-matching exists containing

an edge incident to the cycle then no (i+1)-matching exists containing such an edge.

Thus, there is some maximum value k such that there exists a k-matching containing

an edge incident to the cycle, but no such (k+1)-matching exists. Clearly, k ≤m(G).
Also, k = 0 if and only if G = Cq.

Suppose 0 < k <m(G). That is, no maximum matching contains an edge incident

to the cycle. Consider a maximum matching M and an edge e = (u, v) incident to

the cycle such that u ∈ V (Cq) and v ∉ V (Cq). Hence, for all such choices of M and

e, e ∉M . Furthermore, since M is maximum and q is even, every vertex on the cycle

is incident to a matched edge on the cycle, as shown in Figure 6.1. Let f be the

matched cycle edge incident to u. There also must exist an edge g ∈ M incident to

v, otherwise the matching M − f + e would be a maximum matching that contradicts

k ≠m(G). Note that M − f − g + e is a matching of size m(G)− 1 containing an edge

incident to the cycle and hence k =m(G) − 1.
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Figure 6.1: A case considered in the proof of Lemma 6.2.4. Bold edges are in the
maximum matching M . Triangles represent unknown tree-like parts of the graph.
Tree-like additions are not restricted to u and may be attached to any other vertex
on the cycle.

Finally, suppose k = 0 and hence G = Cq. The argument in the proof of Lemma

6.2.3 shows that a2i = (−1)i for 2i < q. When 2i = q, there are exactly three basic

figures: two perfect matchings and one containing only Cq. Direct application of

Theorem 6.2.1 shows aq = 0.

Theorem 6.2.2 is applied to count the number of positive eigenvalues of A by

counting the number of sign changes from a0 to an. Lemma 6.2.4 shows that the

coefficients a2i begin at a0 = 1 and alternate in sign, ending at a point where the

remaining coefficients are all 0. Let k be the maximum value such that a2k ≠ 0. Then

it does not matter what the values of a2i+1 are for 0 ≤ i < k, as they do not affect

the number of sign changes since the sign of a2i+1 is either the same as a2i or a2i+2,

or a2i+1 = 0. Thus, only consider the odd coefficients a2i+1 when i ≥ k. The odd

coefficients are characterized now.

Lemma 6.2.5. Let G be a unicyclic graph with cycle Cq. Let k be the maximum

value such that a2k ≠ 0. Then a2i+1 = 0 for all i > k.

Proof. This is trivial in the case where q is even, because there exist no basic figures

on an odd number of vertices. Assume q is odd. If there exists a basic figure on 2i+1

vertices, then there exists a basic figure on 2i vertices, which is found by replacing

Cq (which must be included) in the basic figure with (q − 1)/2 copies of K2 to get a

matching of size i. Thus, a2i+1 = 0 for i > k.
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Our search for the number of sign changes has now been reduced to finding the

sign of a2k+1. All the odd coefficients are 0 when q is even. The only case to consider

is q odd, and recall that k has been defined in this case to equal m(G). A basic

figure on 2m(G)+1 vertices must contain Cq and (2m(G)+1−q)/2 copies of K2 from

G − V (Cq). Therefore,
a2m(G)+1 = (−1)2m(G)+1 (mm(G)−(q−1)/2(G − V (Cq))) (2(−1)q+1(−1)m(G)−(q−1)/2)

= −2 (mm(G)−(q−1)/2(G − V (Cq))) ((−1)m(G)−(q−1)/2) .
So, sgn(a2m(G)+1) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(−1)m(G)−(q−1)/2+1 if q is odd and mm(G)−(q−1)/2(G − V (Cq)) > 0, and
0 otherwise.

Therefore, sgn(a2m(G)+1) is the opposite of sgn(a2m(G)) = (−1)m(G) when q ≡ 1(mod 4)
and mm(G)−(q−1)/2(G − V (Cq)) > 0. They have the same sign when q ≡ 3 (mod 4) and
mm(G)−(q−1)/2(G − V (Cq)) > 0. The requirement mm(G)−(q−1)/2(G − V (Cq)) > 0 means

there exists a maximum matching of G that does not use any edge between Cq and

G − V (Cq). This is equivalent to 2m(G) + 1 = 2m(G − V (Cq)) + q.

The number of positive eigenvalues can now be determined by counting the number

of sign changes of the ai’s. The number of zero eigenvalues is n−i where i is the largest

value such that ai ≠ 0. The number of negative eigenvalues, and hence the inertia

of a unicyclic graph, can then be computed by considering the size of a maximum

matching of G and, if necessary, G − V (Cq). The following is proved from the above

analysis.

Theorem 6.2.6. For G, a unicyclic graph containing the cycle Cq,

In(G) = (p−, p0, p+) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(a) (m(G)−1, n−2m(G)+2,m(G)−1) if q ≡ 0 (mod 4) and no

maximum matching contains

an edge incident to Cq,

(b) (m(G), n−2m(G)−1,m(G)+1) if q ≡ 1 (mod 4) and
2m(G)+1=2m(G−V (Cq))+q,

(c) (m(G)+1, n−2m(G)−1,m(G)) if q ≡ 3 (mod 4) and
2m(G)+1=2m(G−V (Cq))+q, and

(d) (m(G), n − 2m(G),m(G)) otherwise.



CHAPTER 6. CLOSED SHELLS AND INERTIA OF UNICYCLIC GRAPHS 104

(a) (b) (c) (d)

(d)(d)
(d)(d)

Figure 6.2: Some unicyclic graphs, each labeled with the applicable case from The-
orem 6.2.6 and an illustrative maximum matching. The inertia for each graph in
clockwise order from the top left is: (4,3,4), (3,1,4), (6,0,5), (4,0,4), (3,1,3),(6,0,6), (3,0,3), (4,1,4).

Example graphs that illustrate the cases of Theorem 6.2.6 are shown in Figure

6.2. Where multiple maximum matchings exist, a maximum matching is shown that

illustrates the applicable case. The top row shows examples with a maximum match-

ing that does not contain an edge incident to Cq and the bottom row shows examples

with a maximum matching that does contain such an edge.

6.3 Inertia Algorithm

It is possible to compute the inertia of a unicyclic graph in linear time using a sim-

ple variation of the Karp-Sipser leaf-removal algorithm [36]. The first phase of the

algorithm repeatedly removes a leaf, its neighbor, and any incident edges from the

graph. The edge incident to the leaf is added to the matching. It was shown that

this phase of the algorithm makes no “mistakes.” That is, a maximum matching of

the remaining graph, the core, produces a maximum matching of the original graph

when combined with the edges selected by the leaf-removal phase. The next phase

of the algorithm involves selecting a random edge when no leaf exists then contin-

uing again with leaf-removal. However, this is unnecessary for unicyclic graphs as

discussed below.

In the case of unicyclic graphs, after leaf-removal one is left with a core of either

(1) the null graph, (2) isolated vertices, or (3) the cycle and possibly some isolated

vertices. In case (3), a maximum matching contains ⌊q/2⌋ more edges than were

selected by the leaf-removal. To find the inertia when q is odd, the size of a maximum
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matching of the forest G−V (Cq) can also be determined by the Karp-Sipser algorithm.

In this case, it is easy to locate and remove Cq from G in linear time using a breadth-

first search.

When q ≡ 0 (mod 4), the algorithm can be used to determine if no maximum

matching contains an edge incident to the cycle, since this occurs exactly when the al-

gorithm results in case (3) above. The reason is as follows. Let V (Cq) = {v1, v2, . . . vq},
and let Ti be the maximal-sized tree rooted at vi using no edges of the cycle. Finally,

let ti be the size of a maximum matching of Ti. Because the leaf removal is mistake-

free, the algorithm accurately finds each ti, regardless of the order in which the leaves

are removed. Assuming that the algorithm found a maximum matching of G contain-

ing no edges incident to the cycle, it resulted in case (3). In that case, the size of a

maximum matching of G is t1 + t2 +⋯+ tq + q/2. If a different maximum matching of

G (one not found by the algorithm) exists using an edge incident to the cycle, there

cannot be q/2 cycle edges in the matching and so such a matching can have at most

t1 + t2 + ⋯ + tq + q/2 − 1 edges, and therefore cannot also be maximum. Thus, when

the algorithm results in case (3), no maximum matching exists containing an edge

incident to the cycle.

The maximum matchings shown in Figure 6.2 are examples of those that may

be found by the inertia algorithm. Other matchings may be found, depending on

the order in which leaves are selected for removal and the chosen matching of the

remaining cycle in the event of case (3).

6.4 Closed Shells

A graph G is called properly closed-shell if n is even and exactly half of its eigenvalues

are positive because the eigenvalues of a graph correspond directly to the molecular-

orbital energy levels in the simplified model of electronic structure given by Hückel

theory [50]. The following formal definition refers to a properly closed shell [25, p.

47], which is shortened to closed shell throughout this dissertation.

Definition 6.4.1 (Closed Shell). A graph G = (V,E) is said to be closed shell if

(i) n is even and

(ii) exactly half of the eigenvalues of the adjacency matrix of G are positive.

It is easy to determine whether or not a unicyclic graph is closed-shell if the inertia

is already known. However, if one is only concerned with whether or not a unicyclic

graph is closed-shell and does not need to know the inertia, such a conclusion can be

reached using less information than is required by Theorem 6.2.6.
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Corollary 6.4.2. Let G be a unicyclic graph with cycle Cq. Then G is closed-shell

if and only if it has an even number of vertices and one of the following mutually-

exclusive cases holds:

Case 1. q ≡ 0 (mod 4) and G has a unique perfect matching,

Case 2. q ≡ 1 (mod 4) and either

2.1. 2m(G) − 2m(G − V (Cq)) = q − 1 and m(G) = n/2 − 1, or

2.2. 2m(G) − 2m(G − V (Cq)) ≠ q − 1 and G has a perfect matching,

Case 3. q ≡ 2 (mod 4) and G has a perfect matching, or

Case 4. q ≡ 3 (mod 4) and G has a perfect matching.

Proof. Recall that a graph is closed-shell if and only if p+ = n/2. For each value of

q (mod 4), determine the conditions in which this holds true by considering the four

cases of Theorem 6.2.6.

Case 1: q ≡ 0 (mod 4)
Either case (a) or (d) applies from Theorem 6.2.6. A graph G cannot be closed-shell

if case (a) applies since p+ = m(G) − 1 < n/2. If case (d) applies, then p+ = m(G) so
G is closed-shell if and only if it has at least one perfect matching. Case (d) applies

only when some maximum matching contains an edge incident to Cq. Note that a

unicyclic graph has at most two perfect matchings, which follows from the algorithm

for calculating the inertia since only isolated vertices and the cycle may remain after

leaf-removal. Furthermore, a perfect matching is unique if and only if it contains an

edge incident to Cq (such that the cycle does not remain after leaf-removal). Therefore

G is closed-shell if and only if it has a unique perfect matching.

Case 2: q ≡ 1 (mod 4)
Either case (b) or (d) applies, so G is closed-shell if and only if it has a perfect

matching (case (d)), unless 2m(G) + 1 = 2m(G − V (Cq)) + q (case (b)), in which case

the requirement is that m(G) + 1 = n/2.
Case 3: q ≡ 2 (mod 4)

Only case (d) applies, so G is closed-shell if and only if it has at least one perfect

matching.

Case 4: q ≡ 3 (mod 4)
Either case (c) or (d) applies and p+ = m(G) in each case so G is closed-shell if and

only if it has at least one perfect matching.
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Figure 6.3: Some unicyclic graphs, with a maximum matching of each shown in bold.
Examples that are closed-shell are checked.

Examples of unicyclic graphs that are or are not closed-shell are given in Figure

6.3. This includes some graphs that are not closed-shell yet contain a perfect matching

and some graphs that are closed-shell yet have no perfect matching.

Clearly, determining if a unicyclic graph is closed-shell can also be computed in

linear time. In many cases, this calculation can be performed slightly faster than

it was for the general inertia. Repeated leaf removal can be used to determine the

size of a maximum matching as well as the number of perfect matchings. When

q ≡ 1 (mod 4) and m(G) ≥ n/2 − 1, the size of a maximum matching of G − V (Cq)
must be determined to apply Corollary 6.4.2. This can be computed by running the

Karp-Sipser algorithm on the forest G − V (Cq).
Two early-termination conditions can be applied to the leaf removal algorithm

because only perfect or near-perfect matchings are allowed for closed-shell unicyclic

graphs. When q /≡ 1 (mod 4), a perfect matching is required and the algorithm can

terminate with the answer “not closed-shell” when an isolated vertex appears. When

q ≡ 1(mod 4), the algorithm can terminate with the response “not closed-shell” when

three isolated vertices appear, which implies m(G) < n/2 − 1.

Chapter 7 introduces the concept of a closed-shell independent set for fullerenes.

There, an algorithm is presented that searches for a maximum closed-shell indepen-
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dent set. This linear-time algorithm for unicyclic graphs is used as a subroutine in

order to increase the speed of the search.



Chapter 7

Closed-Shell Independent Sets

O
bservations in [24, 27] found that addends bonded to a maximum inde-

pendent set of carbon atoms did not always produce a stable configura-

tion; only one of the 1085 non-isomorphic maximum independent sets on

C60 ∶1812 results in a stable molecular configuration. Beyond the requirement that

bulky addends bond to carbon atoms that represent an independent set, chemical

theory imposes a further restriction in that the set of carbon atoms that do not bear

an addend constitute a (possibly disconnected) unsaturated system and should have

a stable distribution of π electrons. This amounts to the requirement that every

component of the graph induced by the complement of the independent set must

have a closed-shell, i.e., an adjacency matrix in which exactly half of the eigenvalues

are positive. An independent set with this additional property in the complement is

called a closed-shell independent set and has been studied in the context of fullerenes

[14, 24, 26, 27, 43]. The cardinality of such a set is the closed-shell independence

number of the fullerene F and is denoted by α−(F ).
There is evidence that the closed-shell restriction may be more important than

the non-adjacency restriction, especially in the cases where there is a small number

of addends. Experimental results [1, 3, 4, 5] noted in [24, 47] show some cases on

fullerenes with 60 and 70 vertices that exhibit adjacent addend locations for small

numbers of addends. As noted in [24], it is significant that as more addends bond

to the fullerenes, non-adjacency is again observed. Thus, the model presented here

seems reasonable when considering the maximum number of bulky addends.

At least one other model [2] has been proposed for determining which addend

configurations result in a stable molecule, though it was not applied to bulky ad-

dends. This other model uses the simpler valence-bond view (Kekulé structure) that

the graph induced by the vertices not bonding to an addend must have a perfect

matching. This ensures that the electrons of each atom are accounted for by localized

single and double bonds. This is in contrast to the more directly quantum-mechanical

molecular orbital view (Hückel theory) that considers the electrons to occupy delo-

calized orbitals, each having a defined energy and (potentially, at least) spreading

over the whole molecule. The requirement for stability is then that the occupation

should lead to a closed shell. It is generally accepted in theoretical chemistry that
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while the simpler valence-bond view is useful for some situations, it does not provide

as accurate of a description as the molecular orbital view, and can lead to incorrect

results if applied in its simplest form [10, 9.7]. For example, the bare fullerene C20

has a plethora of perfect matchings yet it is not closed-shell, whereas the molecular

orbital view correctly identifies the molecule as unstable. Chapter 6 illustrated the

similarities between the perfect matchings and the closed-shell properties, but it was

seen that having a perfect matching is neither a necessary nor sufficient condition to

be closed-shell.

Before this work, the closed-shell independence number was known for only seven

fullerenes: C60 ∶1812, C70 ∶8149, C76 ∶19151, C84 ∶51590 and C84 ∶51591 from [27], and

C20∶1 and C80∶31924 from [26]. Crane also independently computed α−(F ) for C70∶8149

[14]. It is clear that the closed-shell independence number is at most the independence

number, since the former is a restricted version of the latter. Of these seven fullerenes,

only C20∶1 and C60∶1812 had α(F ) = α−(F ) [27, 26]. A theoretical study of the value

α(F )−α−(F ) for the icosahedral fullerenes was given in [26]. The problem of finding

a reasonable algorithm to compute the closed-shell independence number on general

fullerenes remained open.

This chapter includes a description of a backtracking algorithm that was used

to calculate the closed-shell independence number of all fullerenes with 100 or fewer

atoms. The algorithm seeks early detection of the nonexistence of a closed-shell

independent set of a given order or larger. This is done using a combination of

dynamic upper bounds, prioritized vertex selection, and the identification of special

cases to avoid lengthy eigenvalue calculations when possible.

This chapter is organized as follows. After formalizing the problem ( 7.1), a new

upper bound is given on the closed-shell independence number ( 7.2). Then the algo-

rithm description begins with a discussion of the high-level pseudo-code ( 7.3). Next,

specially designed data structures used to implement the algorithm are described

( 7.4) as well as some additional approaches to reduce the run time ( 7.5). Some

observations are made on the computational results ( 7.6) and the results are com-

pared with previous calculations of the independence number ( 7.7). Finally, ideas

for further improvement and research are discussed ( 7.8). Sections 7.3 through 7.7

can largely be found in [18].

7.1 Definitions and Notation

A closed-shell graph was defined formally by Definition 6.4.1. Adding to the indepen-

dent set requirement the requirement that the graph induced by the vertices not in the
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Figure 7.1: A maximum closed-shell independent set on C30∶2 in white

independent set be a closed-shell graph gives the model of a closed-shell independent

set.

Definition 7.1.1 (Closed-Shell Independent Set). On a graph F = (V,E), a vertex

subset S ⊆ V is called a closed-shell independent set if

(i) ∀u, v ∈ S, (u, v) ∉ E (independence) and

(ii) each component of F − S is closed shell.

The largest such set is useful for studying fullerene reactivity. The following

definition gives a corresponding invariant for a graph.

Definition 7.1.2 (Closed-Shell Independence Number). The closed-shell indepen-

dence number of a graph F is:

α−(F ) =max
S⊆V
∣S∣

where S is a closed-shell independent set.

Figure 7.1 gives an example of a maximum closed-shell independent set. The

vertices not in the set form six components, five of which are copies of P2 (the path

on two vertices) and the last is a unicyclic graph.

The algorithm to be presented relies on two important properties of closed-shell

independent sets. The first property follows from the facts that every fullerene has an

even number of vertices and that for a closed-shell independent set S, each component

of F − S has an even number of vertices.

Property 7.1.3. Every closed-shell independent set of a fullerene has an even number

of vertices.
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The next property follows from the previous one and the theorem in [27, eqn. (7)]

that states α−(F ) ≤ 2n/5, a bound that is obtained if and only if every component

of the graph induced by the vertices not in the set is a copy of P2 (the path on two

vertices).

Property 7.1.4. For a fullerene, α−(F ) ≤ 2 ⌊n/5⌋.
Note that 2 ⌊n/5⌋ is the largest even integer less than or equal to 2n/5.

7.2 A New Upper Bound

This section proves a new upper bound for α−(F ) for fullerenes that improves on

the bound given in Property 7.1.4 for n ≥ 126. In doing so, an upper bound on the

number of hexagons contributing three vertices to a closed-shell independent set is

also given.

Given a closed-shell independent set, let Fi be the set of faces with i vertices in

set and let Fi be the number of faces in Fi. There are n
2
+ 2 faces in a fullerene, so

F0 + F1 + F2 + F3 =
n
2
+ 2. Clearly F3 contains only hexagons.

Lemma 7.2.1. No two faces in F3 are adjacent.

Proof. If two faces in F3 are adjacent then the vertex that is both not in the set

and is incident with the shared edge must be an isolated vertex, which violates the

closed-shell independent set properties.

Lemma 7.2.2. Let f be a face in Fi for some i ≤ 2. Then f is adjacent to at most i

faces in F3.

Proof. Each edge of a face in F3 is incident with one vertex in the set and one not

in the set. By Lemma 7.2.1, each vertex of f that is in the set corresponds with at

most one face in F3.

Theorem 7.2.3. The Fi values satisfy the inequality F3 ≤ (n + 4)/8 − F1/8 − F0/4.
Equality is obtained if and only if each face in F2 is adjacent to two faces in F3 and

each face in F1 is adjacent to one face in F3.

Proof. Let ai,j be the number of edges such that one of the two faces containing the

edge is in Fi and the other is in Fj where 0 ≤ j ≤ i ≤ 3. Then

6F3 = 2a3,3 + a3,2 + a3,1 + a3,0

because the left side counts each edge once per hexagon in F3 and the right side

counts the number of times an edge lies on a face in F3.



CHAPTER 7. CLOSED-SHELL INDEPENDENT SETS 113

From Lemma 7.2.1, a3,3 = 0 and from Lemma 7.2.2, a3,2 ≤ 2F2 (each edge on a

face in F2 is also on at most two faces in F3), a3,1 ≤ F1, and a3,0 = 0. This gives the

following inequality.

6F3 ≤ 2F2 + F1

= 2(n
2
+ 2 − F3 − F1 − F0) + F1 (F3 + F2 + F1 + F0 =

n

2
+ 2)

= n + 4 − 2F3 − F1 − 2F0

F3 ≤ (n + 4)/8 − F1/8 − F0/4
≤ (n + 4)/8

There are (n + 4)/2 faces in a fullerene, so at most 1/4 of them are in F3.

Theorem 7.2.4. An upper bound on the closed-shell independence number is

α−(F ) ≤ 3n/8 + 3/2 − 3F1/8 − 3F0/4
with equality if and only if equality holds in Theorem 7.2.3.

Proof. Counting the vertices on each face counts each vertex three times because each

vertex appears on three faces, which gives the following equation.

α−(F ) = (3F3 + 2F2 + F1 + 0F0)/3
= F3 +

2

3
F2 +

1

3
F1

= F3 +
2

3
(n
2
+ 2 − F3 − F1 − F0) + 1

3
F1 (F3 + F2 + F1 + F0 =

n

2
+ 2)

=
n + 4

3
+
1

3
F3 −

1

3
F1 −

2

3
F0 (7.1)

≤
n + 4

3
+
1

3
(n + 4

8
−
1

8
F1 −

1

4
F0) − 1

3
F1 −

2

3
F0 (Theorem 7.2.3)

=
3

8
n +

3

2
−
3

8
F1 −

3

4
F0

The following simplifies this bound to create one that is only dependent on n.

Corollary 7.2.5. An upper bound on the closed-shell independence number is

α−(F ) ≤ 3n/8 + 3/2
with equality if and only if F0 = 0, F1 = 0, F2 = 3(n + 4)/8, F3 = (n + 4)/8.

Requiring that α−(F ) be an even integer improves the bound slightly as in the

following.



CHAPTER 7. CLOSED-SHELL INDEPENDENT SETS 114

Corollary 7.2.6. An upper bound on the closed-shell independence number is

α−(F ) ≤ 2 ⌊3n/16 + 12/16⌋ .
Note that the bound in Corollary 7.2.5 is equal to the bound in Corollary 7.2.6

if and only if n ≡ 12 (mod 16). Comparison of the new bound with the previously

known bound (Property 7.1.4), shows that the new bound is at least as good as the

old for n ≥ 46 and is strictly better for n ≥ 126.

7.3 The Backtracking Algorithm

This section discusses the general structure of the algorithm to find the closed-shell

independence number of a fullerene. The heart of the backtracking algorithm is

recursive, as shown in the pseudo-code of Algorithm 7.1.

The algorithm maintains the status of each vertex as white, black, or gray. White

denotes vertices in the closed-shell independent set and black denotes those not in

the set. Gray vertices are the ones for which set membership has not yet been

decided. A black component is a maximal connected subgraph in which all vertices are

black. A closed-shell independent set has no adjacent whites and any black component

surrounded by whites must be closed shell.

Initially, all of the vertices are gray. At each step of the algorithm, a gray vertex

is selected. It is first colored white and then black. For each case, extensions to the

partial coloring are explored by applying the algorithm recursively. When a coloring

is complete, it corresponds to a closed-shell independent set. In order to achieve

faster performance, the algorithm aborts exploration of partial colorings for which it

can be concluded that either there are no feasible completions or that any feasible

completions result in a closed-shell independent set size that is less than or equal to

the best found so far.

Three parts of Algorithm 7.1 will now be described in more detail: how to select

a gray vertex (line 6), how to determine if a partial coloring is feasible (lines 8 and

12), and how to detect when it is no longer possible to complete a partial coloring to

obtain a new larger-sized set (lines 9 and 13).

7.3.1 Selecting a Gray Vertex

Gray vertices are stored in a priority queue as they await coloring. The priority

is assigned such that vertices with the least color flexibility are chosen first. Thus,

infeasible colorings are detected faster. A vertex is assigned the highest possible

priority according to the following descriptions:
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ClosedShell (F )
Input : A fullerene F

Returns: Closed-shell independence number of F
begin

mark all vertices of F as gray;1

return ClosedShellLevel(F , 0, 0);2

end

ClosedShellLevel (F , NumColored, LargestSeen)
Input : A fullerene F with a feasible partial coloring having NumColored colored

vertices and LargestSeen: the size of the largest c.s.i. set found previously
Returns: The larger of (i) the input value of LargestSeen and (ii) the size of the

largest c.s.i. set possible by completing the given partial coloring
begin

if NumColored = n then no gray vertices remain3

LargestSeen← max(LargestSeen, white vertex count);4

return LargestSeen;5

Select a gray vertex v from F ;6

Color v white;7

if current coloring is feasible then8

if larger set size may be possible then9

LargestSeen← ClosedShellLevel(F , NumColored + 1, LargestSeen);10

Color v black;11

if current coloring is feasible then12

if larger set size may be possible then13

LargestSeen← ClosedShellLevel(F , NumColored + 1, LargestSeen);14

Color v gray;15

return LargestSeen;16

end

Algorithm 7.1: Essentials of the backtracking algorithm
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Highest vertices with at least 1 white neighbor

Õ×××
vertices with 3 black neighbors

vertices with 2 black neighbors

vertices with 1 black neighbor

Lowest vertices with 0 black neighbors

A vertex with a white neighbor has the highest priority, since those must be colored

black to avoid adjacent whites. The priority of a vertex is increased as appropriate

until it is eventually selected and removed from the queue. Vertices are selected from

the highest occupied priority in a first-in first-out manner.

7.3.2 Feasibility

After a gray vertex is selected, it is colored first white then black. Then the algorithm

proceeds with this coloring only if it is feasible (lines 8 and 12 of Algorithm 7.1). This

section gives the conditions under which a coloring is feasible and how feasibility is

determined.

At all times, the fullerene has a partial coloring with each vertex being either

white, black, or gray. Such a coloring is said to be feasible if it does not violate any

requirements of a closed-shell independent set. Thus, a feasible partial coloring obeys

the following rules:

1. No two white vertices are adjacent.

2. All black components not adjacent to gray vertices (surrounded by white ver-

tices) are closed shell.

To maintain feasibility, these rules are checked after a selected gray vertex is

colored. Rule 1 is only checked after a vertex is colored white.

Rule 2 is checked after a vertex is colored either white or black. If the selected

vertex was colored black, then the algorithm examines the black component contain-

ing the selected vertex. A black component is first checked to see if it is surrounded

by white vertices. In such a case, the black component is tested to see if it is closed

shell. If a black component is not surrounded by white vertices, then one of the ad-

jacent gray vertices may be colored black in the future, so no decision is made at this

time as to whether or not it is closed shell. The application of rule 2 after coloring a

selected vertex white is similar to the black case. Here, the algorithm considers the

black components that contain the black neighbors of the selected vertex.
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7.3.3 Improvement After Coloring

Once a coloring is determined to be feasible, two dynamic upper bounds are calculated

based on the current partial coloring (lines 9 and 13 of Algorithm 7.1). These values

bound the total number of white vertices that can be present if the remaining gray

vertices are colored according to the feasibility rules. The bounds are compared to

LargestSeen and if they indicate that LargestSeen cannot be improved by coloring

the rest of the vertices, then the algorithm does not continue with the current partial

coloring.

The first upper bound is calculated after a vertex is colored either white or black.

Define an gray edge to be an edge incident to at least one gray vertex. Each additional

white vertex will require 3 gray edges and because white vertices are non-adjacent,

these edges are disjoint. Hence, the number of additional white vertices is at most

1/3 the number of gray edges. Furthermore, by Property 7.1.3, every closed-shell

independent set must have an even number of vertices. Thus, the algorithm proceeds

with the current coloring only when the current white vertex count plus 1/3 the

number of gray edges is at least LargestSeen + 2.

The second upper bound is calculated only after a vertex is colored black (line 13

only). This bound relies on the following property [27].

Property 7.3.1. Every closed-shell independent set of a fullerene satisfies

w = (2n − b2 − 2b3)/5
where w is the number of white vertices and bi is the number of black vertices with i

black neighbors.

A new maximum-sized set would have cardinality w such that w ≥ LargestSeen+2.

Hence, the algorithm proceeds with the current coloring only when

5(LargestSeen + 2) ≤ 2n − b2 − 2b3.

Black vertices with gray neighbors are included in this calculation because the future

addition of black neighbors cannot increase the right-hand side. Implementation of

this second upper bound resulted in the algorithm running approximately 20 times

faster than when only the first upper bound is used.
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7.4 Data Structures

As mentioned earlier, the algorithm considers components induced by the black ver-

tices in order to detect violations to feasibility. As well, there is a priority queue used

to order the selection of the gray vertices. This section describes the specialized data

structures used to maintain and access this information.

7.4.1 Priority Queue

As described earlier, the gray vertex selection order is maintained in a priority queue.

The algorithm requires the ability to remove the highest-priority vertex, change (in-

crease) the priority of a vertex, and undo either of these changes when the algorithm

backs up. Each of these operations has been implemented to run in constant time.

This is crucial because approximately one quarter of the execution time of the algo-

rithm is spent on these operations.

Because there are only five priority levels, the priority queue is implemented as

five queues. The vertex at the head of each queue, if any, is stored. Predecessor and

successor values for each vertex are used to create a circular doubly-linked list for

each queue. Arrays of size n are used to store the priority, predecessor, and successor

of each vertex.

Each operation is performed in constant time. When a vertex is removed, it is

taken from the head of the highest-priority nonempty queue. When the priority of

a vertex changes, due to the coloring of a neighbor, the vertex is removed from its

current linked list and added to the tail of the list for the new priority. When the

algorithm backs up, either of these changes is undone by remembering the old priority,

predecessor, and successor of the vertex and using these values to re-insert the vertex

into its earlier position. By returning vertices to their original position in the queue

instead of simply adding them to the tail of the appropriate queue, the algorithm

runs in less than a third of the time.

7.4.2 Black Components

The algorithm maintains information about the components induced by the black

vertices. This information includes the vertices in the component as well as descrip-

tive values such as whether or not a closed-shell calculation should be run on the

component, the cached result of such a calculation, and other values that identify

components with faster methods of calculation as described in Section 7.5.

Each black vertex is in exactly one black component, allowing a disjoint-set data

structure using rooted trees to store these components. For an overview of disjoint



CHAPTER 7. CLOSED-SHELL INDEPENDENT SETS 119

sets and their use in connected components, see [13, Ch. 21]. An implementation

without path compression was chosen because the data structure must be able to

quickly undo previous union operations when the algorithm recolors a vertex gray.

For the same reason, each parent-child relationship is doubly-linked instead of only

the child-to-parent direction.

Neighboring black vertices are always in the same component. In the union opera-

tion, a newly colored black vertex v is merged with the black components that contain

v’s black neighbors. Vertex v is assigned to be the root of the merged component and

its children are the unique roots of its black neighbors’ components.

When the algorithm backs up by coloring a black vertex gray, the previous union

operation must be undone. The algorithm guarantees that vertices are recolored

gray in the opposite order in which they were colored. Hence, a newly gray vertex

is always the root of its component and its removal splits the component into the

original components.

Values that describe the component and aid future closed-shell calculations are

associated with the root. When performing a union, these values are calculated from

the corresponding values of the children. When a union is undone, the previous

values are recovered because they are still associated with the roots of the resulting

components. For example, each root stores the number of vertices of each degree

(within the component), 0 to 3. This compact storage of the degree sequence can be

used to identify paths, cycles, trees, and unicyclic graphs.

A black component with no adjacent gray vertices cannot be extended and there-

fore may be tested to see if it is closed shell. To identify this situation, a count of

the number of edges from a vertex in the component to a gray vertex is stored at the

root. When this count is zero, the closed-shell calculation is performed.

The last value stored at a root is a cache of the result of the relatively slow

closed-shell calculation. This avoids re-calculations that would otherwise occur when

multiple neighbors of a newly colored white vertex are in the same black component.

7.5 Decreasing the Run Time

A large run time bottleneck is the closed-shell calculation that is performed each time

a black component becomes surrounded by white vertices. From the definition of a

closed-shell independent set, the distribution of the eigenvalues must be known to

determine if exactly half of them are positive. It is desirable to avoid lengthy explicit

eigenvalue calculations, which is possible for a large percentage of the cases that are

encountered.
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For paths and cycles, the closed-shell calculation is very easy. It has been shown

[48] that the eigenvalues of a path satisfy the equation

λk = 2 cos [ πk

n + 1
]

and the eigenvalues of a cycle satisfy the equation

λk = 2 cos [2πk
n
]

for 1 ≤ k ≤ n. One may assume that n is even because this is a requirement for closed

shells. It follows from the equations above that all even-length paths are closed shell

and an even-length cycle is closed shell if and only if n is not divisible by 4. Hence,

the calculation only requires knowledge of n for paths and cycles.

Although not as fast as paths and cycles, the closed shell calculation for trees is

also quick. For any bipartite graph, if λ is an eigenvalue then −λ is an eigenvalue with

the same multiplicity [16, Theorem 3.11]. A direct application of [16, Theorem 1.3]

shows that 0 is an eigenvalue if and only if the tree has no perfect matching. Because

trees are bipartite, their eigenvalues are symmetric and therefore a tree is closed shell

if and only if it has a perfect matching. This reduces the calculation to one taking

linear time.

Section 6.4 described a method to decide whether or not a unicyclic graph is closed

shell. Such a calculation also takes linear time.

After filtering out the black-component graphs having fast eigenvalue computa-

tions, some graphs remain to be tested using numerical eigenvalue computations.

Many methods exist to compute the eigenvalues, however the fastest method was

to compute the inertia instead of the actual eigenvalues. The DSPTRF subroutine

of the LAPACK libraries, which factors the matrix using Bunch-Kaufman diagonal

pivoting, was used for the computation. The computations were carried out using

double precision for the highest precision possible using LAPACK.

There are ways to improve the run time other than avoiding or improving the

eigenvalue calculations. Note that the dynamic upper bounds discussed in Section

7.3.3 become more restrictive as larger-sized sets are found. However, test runs of the

algorithm showed that for most isomers large-sized sets are not found quickly. It is

desirable to have restrictive bounds so that more partial colorings are eliminated from

consideration, thereby decreasing the run time. From Corollary 7.2.6 and Property

7.1.4, α−(F ) ≤ min{2 ⌊n/5⌋ ,2 ⌊3n/16 + 12/16⌋}. The test runs indicated that the
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closed-shell independence number is not far below this value for fullerenes with 100

or fewer vertices. Furthermore, by definition, every closed-shell independent set has

an even number of vertices.

This information leads to a method that decreases the run time by looking for

a set of a given large size rather than any size. Set a variable UpperBound to

min{2 ⌊n/5⌋ ,2 ⌊3n/16 + 12/16⌋}. Instead of setting LargestSeen to be 0 initially, it

is set to UpperBound − 2. This makes the algorithm search only for sets of size

UpperBound. The bounds are then more restrictive and the algorithm runs faster.

If such a set is found, then the search can stop immediately because it matches the

theoretical upper bound of α−(F ). If no such set is found, the algorithm is restarted

with LargestSeen = UpperBound− 4. Then if a set of size UpperBound− 2 is found,

the algorithm can stop immediately because it already checked for larger sets. Oth-

erwise, the initial value of LargestSeen will continue to decrease by 2 until a set is

found. One disadvantage of this method is that the run time may increase if either

the closed-shell independence number is far below UpperBound or if a large set would

be found quickly by the original (LargestSeen = 0) method. However, in most cases

of interest this method decreased the run time of the algorithm.

7.6 Computational Results

The algorithm was run on all 1,456,598 fullerene isomers on up to 100 vertices. Table

7.1 shows the number of fullerene isomers on n vertices with α−(F ) a given distance

below the theoretical upper bound of 2 ⌊n/5⌋. Table 7.2 shows the same data against

the new bound from Corollary 7.2.6. Figure 7.2 shows a plot of the bound in Corollary

7.2.6 along with the bound from Property 7.1.4 and a dot at each location where there

exists a fullerene with the specified n and α−(F ) values. These data sets are useful

for checking how the quality of the upper bounds and the spread of α−(F ) vary with

increasing n. The largest-known n where the new bound is tight n = 96, whereas the

largest-known n where the previous bound is tight is n = 84.

A characterization of the fullerenes that maximize α−(F ) for a given n is useful for

understanding the closed-shell independent set problem. Notice that 2 ⌊n/5⌋ increases
when n ≡ 0 or n ≡ 6 (mod 10). As expected, Table 7.1 shows a step away from 2 ⌊n/5⌋
for most isomers at these values of n. The shifts are somewhat larger at multiples of

10, as expected.

An interesting observation is that there seems to be a correlation between α−(F )
and the isomer number, i.e., the index of the isomer in the list of canonical face spirals

[25, 2.6]. For values of n with relatively few isomers having the largest α−(F ), the
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n x = 6 x = 4 x = 2 x = 0 n x = 6 x = 4 x = 2 x = 0

20 - - - 1 62 - 1 2347 37

24 - - - 1 64 - - 2789 676

26 - - 1 - 66 - 651 3827 -

28 - - - 2 68 - 4 6200 128

30 - - 3 - 70 - 6005 2144 -

32 - - 3 3 72 - 1072 10107 11

34 - - - 6 74 - 2 13841 403

36 - - 13 2 76 - 12681 6470 -

38 - - 2 15 78 - 1308 22773 28

40 - - 39 1 80 2 30753 1169 -

42 - - 35 10 82 - 23058 16660 -

44 - - 2 87 84 - 1641 49854 97

46 - - 115 1 86 1 60544 3216 -

48 - - 117 82 88 - 41480 40258 -

50 - 2 268 1 90 1748 98095 75 -

52 - - 416 21 92 - 118707 7702 -

54 - - 211 369 94 - 67341 86152 -

56 - - 924 - 96 1958 189627 254 -

58 - - 1074 131 98 1 213326 17690 -

60 - 460 1344 8 100 107378 178536 - -

Table 7.1: Number of fullerenes Cn with α−(F ) = 2 ⌊n/5⌋ − x

n x = 6 x = 4 x = 2 x = 0 n x = 6 x = 4 x = 2 x = 0

20 - - - 1 62 - 1 2347 37

24 - - 1 - 64 - - 2789 676

26 - - 1 - 66 - 651 3827 -

28 - - 2 - 68 - 4 6200 128

30 - - 3 - 70 - - 6005 2144

32 - - 3 3 72 - 1072 10107 11

34 - - 6 - 74 - 2 13841 403

36 - - 13 2 76 - 12681 6470 -

38 - - 2 15 78 - 1308 22773 28

40 - - 39 1 80 - 2 30753 1169

42 - - 35 10 82 - 23058 16660 -

44 - 2 87 - 84 - 1641 49854 97

46 - - 115 1 86 - 1 60544 3216

48 - - 117 82 88 - 41480 40258 -

50 - 2 268 1 90 - 1748 98095 75

52 - - 416 21 92 - 118707 7702 -

54 - - 211 369 94 - 67341 86152 -

56 - - 924 - 96 - 1958 189627 254

58 - - 1074 131 98 1 213326 17690 -

60 - 460 1344 8 100 - 107378 178536 -

Table 7.2: Number of fullerenes Cn with α−(F ) = 2 ⌊3n/16 + 12/16⌋ − x
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isomer numbers tend to be larger. Fullerenes with larger isomer numbers tend to have

fewer pentagon adjacencies : the number of edges incident to two pentagons. Now

consider only the values of n in which relatively few isomers achieve the maximum

α−(F ): 60, 62, 68, 72, 74, 78, 84, 90 and 96. Of the 1041 isomers that maximize α−(F )
for these values of n, the number of pentagon adjacencies ranges from 0 to 7 with a

mean of only 2.68. Note, however, that on these values of n there is a plethora of

isomers that have few pentagon adjacencies but do not achieve the maximum α−(F ).
Furthermore, for values of n not in this group, the isomer numbers with maximum

α−(F ) are more evenly distributed.

The next natural question is whether or not there is a correlation with the isomer

number or number of pentagon adjacencies for those isomers that minimize α−(F ) for
a given n. Consider only the values of n for which relatively few isomers achieve the

minimum α−(F ): 50, 62, 68, 74, 80, 86 and 98. In these cases the isomer numbers have

no preference toward higher or lower values, but the number of pentagon adjacencies

tends to be high. Of the 13 isomers that minimize α−(F ) for these values of n, the

number of pentagon adjacencies ranges from 8 to 20 with a mean of 12.85. However,

there are many isomers with a large number of pentagon adjacencies that do not

achieve the minimum.

7.7 Relationship to the Independence Number

There is a strong interest in the relationship between the independence number, α(F ),
and the closed-shell independence number. The numerical difference between the two

is of particular interest. Table 7.3 summarizes this relationship by giving the number

of isomers on n vertices with a given distance between α−(F ) and α(F ).
Table 7.3 shows that there are exactly three isomers in which α(F ) = α−(F ).

These are C20, C40∶40, and C60∶18121. Though the calculations here only go as far as

100 vertices, α(F ) has been calculated for all fullerenes on 120 or fewer vertices [26].

These results confirm that no additional fullerenes exist with α(F ) = α−(F ) through
120 vertices because all values of α(F ) are strictly greater than 2 ⌊n/5⌋ for fullerenes
on at least 100 vertices. Hence, the following conjecture is made.

Conjecture 7.7.1. The only fullerene isomers with α−(F ) = α(F ) are C20, C40∶40,

and C60∶1812.

It has already been shown [26] that the only icosahedral fullerene isomers with

α−(F ) = α(F ) are C20 and C60∶1812. Data given in Table 7.3 and [26] further support

1C60∶1812 is the icosahedral Buckminsterfullerene often referred to simply as C60.



C
H
A
P
T
E
R

7.
C
L
O
S
E
D
-S
H
E
L
L
IN

D
E
P
E
N
D
E
N
T

S
E
T
S

125

n x = 0 x = 1 x = 2 x = 3 x = 4 x = 5 x = 6 x = 7 x = 8 x = 9 x = 10 x = 11 x = 12 x = 13 x = 14

20 1 - - - - - - - - - - - - - -

24 - 1 - - - - - - - - - - - - -

26 - - - 1 - - - - - - - - - - -

28 - 1 1 - - - - - - - - - - - -

30 - - 2 1 - - - - - - - - - - -

32 - 2 1 1 2 - - - - - - - - - -

34 - - 5 1 - - - - - - - - - - -

36 - 2 - 12 1 - - - - - - - - - -

38 - - 13 2 2 - - - - - - - - - -

40 1 - - 36 3 - - - - - - - - - -

42 - - 10 - 32 3 - - - - - - - - -

44 - - 3 79 5 1 1 - - - - - - - -

46 - - 1 10 101 4 - - - - - - - - -

48 - - 8 74 9 103 5 - - - - - - - -

50 - - 1 25 238 5 2 - - - - - - - -

52 - - 6 15 77 332 7 - - - - - - - -

54 - - 1 100 268 22 180 9 - - - - - - -

56 - - - 1 257 656 10 - - - - - - - -

58 - - 2 84 45 295 771 8 - - - - - - -

60 1 3 4 3 644 697 88 361 11 - - - - - -

62 - - 2 32 7 1049 1284 10 1 - - - - - -

64 - - - 18 521 137 1278 1494 17 - - - - - -

66 - - - - 24 2370 1433 188 448 15 - - - - -

68 - - - 13 112 49 3843 2295 16 2 2 - - - -

70 - - - 1 81 1817 261 3578 2394 17 - - - - -

72 - - - 6 6 199 7358 2549 433 615 24 - - - -

74 - - - - 100 297 261 9957 3611 18 2 - - - -

76 - - - - 1 580 5469 540 8845 3688 28 - - - -

78 - - - 3 25 - 1104 17747 3923 642 639 26 - - -

80 - - - - 1 416 747 1677 23734 5318 29 2 - - -

82 - - - - - 3 2669 13303 1261 17283 5168 31 - - -

84 - - - - 13 77 11 5496 38503 5858 908 686 40 - -

86 - - - - - 7 1697 1502 6773 46497 7255 29 1 - -

88 - - - - - - 27 10827 28314 3674 31798 7055 43 - -

90 - - - - - 8 64 37 19135 70685 8258 1026 658 47 -

92 - - - - - - 80 5079 2556 23748 84998 9901 47 - -

94 - - - - - - - 150 32555 51897 9011 50764 9066 50 -

96 - - - - - - 59 181 283 57477 120769 11157 1195 659 59

98 - - - - - - - 318 13253 4225 63871 136465 12841 43 1

100 - - - - - - - 1 1040 86672 88633 21709 76178 11611 70

Table 7.3: Number of fullerenes Cn with α(F ) − α−(F ) = x
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Conjecture 7.7.1 by showing that α−(F ) and α(F ) move further away from 2 ⌊n/5⌋
as n increases.

The three isomers in Conjecture 7.7.1 have several things in common. They each

have α−(F ) = 2n/5. Therefore, Property 7.3.1 implies that every black component is a

copy of K2. The fullerene C20 has only one maximum closed-shell independent set up

to isomorphism, since the selection of two vertices for a black component completely

determines the set. In [27], uniqueness (up to isomorphism) was shown for C60∶1812.

Enumeration verifies that C40∶40 also has a unique maximum-sized set.

These isomers differ in the distribution of their pentagons. The dodecahedron

C20 has only 12 faces, all of which are pentagons. The pentagons of C40 ∶40 are in

four groups of 3, evenly spaced throughout the fullerene. The truncated icosahedron

C60∶1812 has isolated pentagons evenly spaced throughout the fullerene. The isomer

C40∶40 has 24 automorphisms and its point group is Td, whereas the others have 120

automorphisms and point group Ih.

7.8 Future Work

This chapter has described an algorithm with an implementation that is fast, despite

all of the eigenvalue calculations. This enabled the calculation of the closed-shell

independence number of all fullerene isomers with 100 and fewer vertices. From this

data set, some interesting observations were made including a correlation with pen-

tagon adjacencies. Most notable is the conjecture that there are only three fullerene

isomers that have a maximum independent set that is closed shell.

Several opportunities exist to extend this work, including a more comprehensive

data analysis and speeding up the implementation to obtain fast calculations for

larger fullerenes. A faster implementation may be possible by the use of better data

structures or solving some of the open problems below. It is desirable to have calcu-

lations that extend as far as the 120-vertex fullerenes. Though due to the exponential

growth rate of both the number of fullerenes per n and the time to calculate α−(F ) for
increased n, such computations would take tens of CPU years with current machines.

There are many questions regarding closed-shell independent sets that remain

open. Answers to these questions would likely require expertise in graph theory,

computing, and chemistry, to varying degrees. The following are a sample of the

open problems.

Complexity. The complexity of computing the closed-shell independence num-

ber has not yet been determined. This is a difficult problem due to the eigenvalue

requirement. If the problem is NP -hard, it is not clear which NP -complete problem
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could be used for a proof. If the problem has a polynomial-time algorithm, then the

discovery of a solution would likely benefit from knowledge of how to find a maximum

closed-shell independent set of a large hexagonal region of a fullerene as well as how

the pentagons disrupt the region. In either case, a characterization of the closed-shell

subgraphs that does not require eigenvalue calculations would be very useful, if such

a characterization exists.

Existence. Although many closed-shell independent sets have been found of

varying sizes for every fullerene studied, there is no proof that a closed-shell indepen-

dent set exists for every fullerene. Many bare fullerenes are not closed-shell, so not

even the trivial empty set is a solution. The difficulty with finding such a proof is due

to the eigenvalue requirement. Possible candidates for non-existence are fullerenes

having more negative than positive eigenvalues, however the smallest such known

fullerene has 628 vertices [22], which may hinder computations.

Families. Identify infinite families of fullerenes that maximize or minimize α−(F )
over all isomers of the associated n, similar to the work in Chapter 5. Such an

exploration may give insight as to how the set behaves on large sections of hexagons.

Proof of Conjecture 7.7.1. The new upper bound in Corollary 7.2.6 is interest-

ing in light of Conjecture 7.7.1, which states that only three fullerene isomers satisfy

α−(F ) = α(F ), the largest of which is at n = 60. Comparing the upper bound of

α−(F ) ≤ 3n/8 + 3/2 with the lower bound of α(F ) ≥ 3n/8 [34] yields a curious gap.

If it can be shown that for suitably large n, α−(F ) < 3n/8, then this, along with a

computer search, can provide evidence to prove the conjecture. Any suitably large n

must be greater than 96 because there exists at least one fullerene with α−(F ) = 3n/8
at n = 96.

Theorem 7.2.4 shows that if α−(F ) < 3n/8 for some fullerene, then 3/2 < 3F1/8 +
3F0/4, which is equivalent to 4 < F1 + 2F0. Therefore, if one could show that for

suitably large n, 4 < F1+2F0, it would imply Conjecture 7.7.1. One possible approach

may be to find a restriction on the number of faces in F3 that can be distance two

(in the dual graph) away from each other. From Lemma 7.2.1, there is a limit of six

faces in F3 that can be distance two away from another face in F3. However, some

sketches that exclude the non-closed-shell components P1, P3, and K1,3 indicate that

the bound may be four or five instead of six, but further investigation is needed. Not

enough is currently known about the optimal way to select a maximum closed-shell

independent set on a large hexagon grid.

Tighter Upper Bound. DeLaVina’s conjecturing software Graffiti.pc [19] was

given data similar to that in Tables 7.1 and 7.2 and made the following conjecture.
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Conjecture 7.8.1. For a fullerene F , α−(F ) ≤ (n + 12)/3.
Using the computed data, it can be seen that this bound is tight for 58 ≤ n ≤ 100

except for n = 66. Using the requirement that α−(F ) and n must be even integers,

one can note that 2 ⌊(n + 12)/6⌋ = 2 ⌊(n + 13)/6⌋ for even values of n, so the conjecture

can be changed to α−(F ) ≤ (n + 13)/3.
Conjecture 7.8.2. For a fullerene F , α−(F ) ≤ (n + 13)/3.

Another observation is that 2 ⌊(n + 13)/6⌋ < ⌈3n/8⌉ for all n ≥ 98. Together with

the computer search already executed, a proof of Conjecture 7.8.2 immediately proves

Conjecture 7.7.1.

Equation (7.1) can be rewritten as

α−(F ) = n + 13

3
−
9

3
+
1

3
F3 −

1

3
F1 −

2

3
F0,

which implies that

α−(F ) ≤ n + 13

3

if and only if F3 ≤ F1+2F0+9. So another approach to proving Conjecture 7.7.1 could

be to find a suitably large n such that F3 ≤ F1 + 2F0 + 9.

Closed-Shell Identification. Finding fast methods to determine if trees and

unicyclic graphs are closed-shell improved the running time of the CSI algorithm [17,

18]. If similar methods are found for other classes of graphs such as bicyclic or cactus

graphs, there is a potential to improve the running time. However, empirical evidence

suggests that only a very small fraction (0.02%) of the tested components are not trees

or unicyclic graphs. Identification of and closed-shell testing of additional classes of

graphs will likely be of little practical benefit, if any. However, such study will likely

benefit the search for algorithms with different approaches by better understanding

the structure of closed-shell components.

Closed-Shell Subgraph Structure. The linear-time algorithm for the inde-

pendence number for fullerenes was found by studying the optimal way to find a

maximum independent set on an hexagonal tessellation of the plane, and then ob-

serving how it is affected by twelve pentagons. To find an optimal arrangement for

the closed-shell independent set, and prove that it is optimal, it may be useful to

enumerate the fullerene subgraphs that are closed-shell. There is an infinite number

of such subgraphs, however it is an interesting problem to enumerate all closed-shell

fullerene subgraphs on, say, 20 or fewer vertices. Such a list should only include

minimal subgraphs: graphs for which the removal of an even number of trivalent
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vertices does not break the graph into components that are all closed-shell. It may

also be possible to give a theoretical characterization of all the closed-shell fullerene

subgraphs by specifying a set of graph classes.

Another approach to this problem would be to modify the CSI algorithm to output

the components that it tests for the closed-shell property along with the results of the

tests. A canonical form may be calculated (using nauty [40], for example) to remove

duplicates. This would provide a large, though not provably exhaustive, database

of fullerene subgraphs that could be used to make closed-shell or non-closed-shell

conjectures for graph classes. Such conjectures may be made by visual inspection

or by computing some relevant invariants such as the degree sequence, maximum

matching size, the number of perfect and/or maximum matchings, and the number

of spanning trees and then using Graffiti.pc to mine the data.

Only Trees. The closed-shell components that compose the optimal solutions

found by the CSI algorithm have varied structure including paths, cycles, trees and

unicyclic graphs. One question for further study is whether or not it is possible to

achieve the optimal solution using only trees as the closed-shell components. If so,

can it also be done only using paths? It is easy to search for counterexamples by

making some simple modifications to the CSI algorithm and running it again on all

of the fullerenes of at most 100 vertices. Such an algorithm would likely run faster

because it is more restrictive.

It is interesting to note that if a maximum closed-shell independent set can be

found where the closed-shell components are only trees, then it implies that every

component has a perfect matching. This would satisfy both the valence-bond (Kekulé

structures) and molecular-orbital chemical models and please both sides of the debate.

Icosahedral Fullerenes. Analyzing the icosahedral fullerenes is often a good

start before attempting to understand fullerenes in general. These fullerenes are the

most symmetric and therefore are the most predictable. Some theoretical results

on α(F ) − α−(F ) have been published [26]. The closed-shell independence number

has been computed for the first few icosahedral fullerenes using the exponential-time

algorithm: α−(C20) = 8, α−(C60∶1812) = 24, α−(C80∶31924) = 28, α−(C140∶7341204) =
48, and 56 ≤ α−(C180 ∶79538725) ≤ 62. The latter bounds were found by a mix of

computer search and theoretical argument. The algorithm currently does not consider

symmetry, so many isomorphic sets are tested unnecessarily. Implementing a method

to eliminate isomorphic searches could greatly speed up the algorithm in the case of

the icosahedral fullerenes.

Bromination Sequence. To form a final fullerene derivative with Br atoms
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bonded to the surface of a fullerene at a (maximum) closed-shell independent set, the

Br atoms do not bond simultaneously, rather they are added until the final bonding

configuration is reached [51]. It is an open question to find sequences of sets that

build to the final configuration [26]. As mentioned at the beginning of this chapter,

these intermediate sets need not be independent, as the steric constraints may be

temporarily relaxed, however the sets are likely closed-shell [3, 4, 5, 24, 47, 1]. Deter-

mining which constraints may be relaxed, when they may be relaxed, and how much

they may be relaxed is a subject of further study, so this question has a flavor more

fitting for chemical study than graph theory.

Minimum Closed-Shell Independent Sets. Related to the questions of the

existence of a closed-shell independent set and finding a bromination sequence is the

question of finding the minimum closed-shell independent set for a fullerene. That

is, what is the smallest number of addends required to bond to a fullerene to make it

stable? This is an interesting related problem from a graph theoretical point of view.

Many bare fullerenes are not closed-shell and are therefore not stable on their own.

Gaps from Minimum to Maximum. Does there exist a closed-shell indepen-

dent set of every (even) size between the minimum and maximum? Answering such

a question may give insight to the bromination sequence. It would be worthwhile to

study every non-isomorphic closed-shell independent set of C60∶1812 and C70∶8149 in a

manner similar to the study of all independent sets in [26]. Due to the large number

of computations require to investigate such a question, this analysis can likely only

be performed on a few fullerenes.
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Conclusion

S
tudies of maximum independent sets and maximum closed-shell independent

sets of fullerenes have resulted in a number of new contributions. This chapter

highlights the most important contributions and discusses some of the key

approaches used in this research. A number of open problems have been presented

throughout this dissertation and the most interesting related problems are highlighted

here.

8.1 Main Results

The most difficult result of this work was the development of the algorithm for finding

a maximum independent set of any fullerene with a running time that is a linear func-

tion of n. This result was made possible by J. Graver’s discovery that a maximum

independent set is related to a fullerene’s clear fields [31]. Chapter 3 extended his

results and defined a proper clear field. It was shown that the number of clear fields

is proportional to a linear function of n for some fullerenes, whereas the number of

proper clear fields is a logarithmic function of n in the worst case (Theorem 3.2.8).

This is the main observation that allowed a linear-time algorithm for finding a maxi-

mum independent set of any fullerene. Chapter 4 combined graph-theoretical results

with clever algorithmic ideas to create an algorithm that runs in four phases. First,

the algorithm locates the clear fields, then it detects which clear fields overlap. This

information is used in the third phase to check all possible pentagon pairings using

clear fields that do not overlap in order to find a optimal selection. Such a selection

is then used to construct a maximum independent set.

The resulting linear-time algorithm was run on all fullerenes with 120 or fewer

vertices and the results are given in Table 3.1. As mentioned in Chapter 3, this data

has been used to refute [23, 26] a claim [21] that minimization of the independence

number is a predictor of bare fullerene stability.

Other noteworthy results related to maximum independent sets are mentioned

in Chapter 5. These include the formula for finding the independence number of a

fullerene that is created from an even number of leapfrog transformations, provided

the independence number of the original fullerene is known (Theorem 5.2.2). Section

5.3 gave a fullerene family that attains the upper bound of n/2 − 2 and the family
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includes a fullerene at all values of n for which a fullerene exists except 20, 24, 28,

and 32. In most cases fullerenes in this family exhibit no symmetry, so families of

symmetrical fullerenes that attain the upper bound are given in Section 5.4.

The other major focus of this work was the study of closed-shell independent sets

and closed-shell graphs. The main result here is an exponential-time backtracking

algorithm for finding a maximum closed-shell independent set of a fullerene that is fast

enough for practical use (Chapter 7). Part of this algorithm tests fullerene subgraphs

to see if they are closed-shell and in general uses some relatively computationally-

expensive eigenvalue calculations. Faster calculation methods were discussed for basic

graphs like paths, trees, and cycles. Chapter 6 discusses a linear-time algorithm for

determining if a unicyclic graph is closed-shell, which came from the study of the

inertia of these graphs.

Other significant results for maximum closed-shell independent sets include an

improved upper bound of 3n/8 + 3/2 for fullerene graphs. In Figure 7.2, this bound

is plotted along with the old bound of 2n/5 and the existence of a fullerene with

given size and closed-shell independence number after the algorithm was run on all

fullerenes having 100 or fewer vertices. Collecting data on the independence number

and the closed-shell independence number for fullerenes allowed some comparisons

to be made and led to Conjecture 7.7.1 that states that there are only three specific

fullerenes for which these two values are equal.

8.2 Approaches

Various approaches were taken in order to achieve the results presented here. The

most significant approach was the iterative process that was used to discover the

linear-time algorithm for finding a maximum independent set. This process alternated

between algorithmic and theoretical advances. First was Graver’s graph theoretical

results that led the author to the discovery of an algorithm that had a running time in

O(n6), which was the first known polynomial-time algorithm. Then graph theoretical

results related to the proper clear fields enabled the algorithm to be modified slightly

to have a running time in O(n2). Finally, some algorithmic improvements reduced

the running time to O(n). Between each of these improvements, the algorithm was

run on a large data set that allowed me to evaluate its performance and identify

critical cases that had to be handled. It was analysis of these cases, which were never

envisioned at the beginning, that allowed for the discovery of the proper clear fields.

Much of the work that involve analyzing special cases involved the use of FuiGui

[42], which is a program that allows quick visualization of fullerene graphs. This
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made it easy to visualize cases such as the clear fields that contain repeated vertices

and how clear fields can be used to determine the colors of the pentagons in Phase

3. FuiGui also enabled the families in Chapter 5 to be easily discovered and viewed

by browsing the fullerenes that maximize the independence number. This allowed

patterns to be easily recognized. FuiGui was also instrumental in drawing the various

figures throughout the text.

Having the two related but different problems of the independent sets and closed-

shell independent sets enabled progress to be made by switching between the prob-

lems. When stuck on one issue, it was helpful to have another problem to work on.

Often, coming back to a problem and figuring out where it was left resulted in new

discoveries by realizing how pieces fit together in a bigger picture. One such discov-

ery was the characterization of proper clear fields by realizing how to prove Theorem

3.2.5.

The approach for conjecturing involved a blend of computations and graph theory.

Instead of looking at special cases and making conjectures based on them, programs

were written to collect data. These programs were used in two ways. First, before

conjectures were made, the programs were run to create a large collection of data,

such as all fullerenes with 120 or fewer vertices. Then analysis of the data was used

to make conjectures by methods such as observing the outlying cases or by using

conjecturing software such as Graffiti.pc [19]. The other way that software was used

was in testing conjectures that resulted from graph theoretical analysis by searching

for counterexamples. For example, at one point it was conjectured that there is a

constant upper bound on the number of proper clear fields. This was later shown

to be false when several counterexamples were found that indicated a procedure to

construct a fullerene with an arbitrary number of proper clear fields. Again FuiGui

was instrumental in this analysis by facilitating visualization of the construction.

8.3 Open Problems

Open problems have been presented throughout this dissertation at the end of the ap-

propriate chapters. Problems dealing with the maximum independent set algorithm

are found in Section 4.6 and maximum independent sets in Section 5.5. Open prob-

lems dealing with maximum closed-shell independent sets can be found in Section

7.8.

Perhaps the most interesting open problem is Conjecture 7.7.1 that states that

there are only three specific fullerenes with equal independence and closed-shell in-

dependence numbers. There are several possible approaches to proving this conjec-
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ture. Section 7.8 discussed several approaches that involve improvement of the upper

bound for the closed-shell independence number. Another possible approach is to

improve the lower bound on the independence number, as discussed in Section 5.5.

The conjectured best-possible lower bound on the independence number was given by

Conjecture 5.5.2 and a proof would immediately prove Conjecture 7.7.1. Also men-

tioned was Daniel Král’s approach that may improve the lower bound to 3n/8+ k for

some small constant k, given sufficiently large n. If this k is greater than 3/2, then it

would prove Conjecture 7.7.1 provided the “sufficiently large n” is within reason for

a computer search on smaller values of n.

The other open problem of high interest is embodied by Conjecture 5.5.2, which

is an improved lower bound of the independence number. Figure 5.8 showed that it

is tight, and indeed it is attained by the infinite class of icosahedral fullerenes with

Coxeter coordinates (p, p).
Section 7.8 gave a large number of open problems related to closed-shell indepen-

dent sets. The most interesting of these are the questions of existence and determining

a maximum closed-shell independent set on a hexagonal tessellation of the plane. The

question of existence is fascinating because many closed-shell independent sets can

be found for a fullerene, yet no proof is known that one exists for an arbitrary fuller-

ene. The tessellation question is interesting because results in this area may lead to

knowing how to choose an closed-shell independent set of vertices for large patches of

hexagons on a fullerene, much like the clear fields were used in the independent set

problem.
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