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La conception d'un circuit numbrique s'effectue par des raffiements successifs de sa 

spicification jusqu'h I'obtention des masques de fabrication du silicium. Chaque 

*nement dduit le niveau d'abstraction de la sp6cification en introduisant plus de 

details. Au plus haut niveau d'abstraction, dit niveau comporternental, la sp6cification 

decrit uniquement la fonctionnalit6 du circuit en faisant abstraction de toute dalisation 

matgrielle. La synth6se de haut-niveau (SHN) consiste B transformer une sp&ification 

d'un niveau comportemental B un niveau plus d6taill6 dit niveau transfen de registres ou 

RTL. Une description au niveau RTL est une description dam laquelle le circuit est 

repr6send comme un assemblage d'elbments de memorisation (registres) et d'unites de 

calcul et de contrGle. L'objectif de la SKN est de trouver la transformation qui donne la 

dalisation la plus performante et la moins cotiteuse. Une telle transformation passe par la 

r6solution de probi2mes d'optimisation complexes tels que les problbmes 

d'ordonnmcement et d'allocation. 

Dam cette these nous presentom un ensemble de mbthodes dgorithmiques pour 

assister le processus de synthihe de haut-niveau. Nous proposons des mkthodes pour 

calculer des estimateua qui aideront le concepteur ii 6valuer plusieun alternatives de 

r6alisation d'un meme circuit. Ces m6thodes permettent de dbterminer des bomes 

hfSrieures et sup6rieures sur la performance qu'une application donnee peut atwindre sur 

une architecture sp6cifique; des architectures s@uentielIes, parallbles et du type 

"pipeline" sont consid6r6es. Tandis que les m6thodes traditionnelles d'estimation de la 

performance se basent sur la simulation, les m6thodes que nous proposons se basent sur 

des techniques d'ordomaocement et d'analyse des graphes de precedence. Ces mkthodes 

sont plus rapides et permettent une exploration plus efficace de I'espace des rkalisations. 

Les algorithrnes que nous avons d6velopp6s sont caract6risbs par leur faible complexit6 

polynomiale. 



L'une des principales tiiches de la synthhe de haut-niveau est I'allocation des unites 

mkmoires nkessaires Zt la memorisation des dsultats intem~diaires produits par les 

unites de traitement et de contr6le. Nous pdsentons dans cette th&e une nouvelle 

approche d'organiser les registres 2 l'intkrieur du chemin de dom&s et de dsoudre le 

prob16me d'allocation de regisms aux variables. Cette approche permet de minimiser le 

nombre de registres daos le circuit et de rkduire sa taille. Pour n5soudre le probPme 

d'allocation de registres nous avons utilid un nouveau paradigme de programmation 

combinant la progammation B connaintes Iogiques et 19arithm6tique A intervalles. 

Cette th&e comprend trois articles publids et un article soumis B la publication. Les 

articles publids sont: 

1- I.E. Bennour et E.M. Aboulhamid, "Lower-bounds on the Iteration and Initiation 

Interval of Functional Pipelining and Loop Folding", paru dans la revue Design 

Automation for Embedded Systems, Vo. 1, No. 4,96 

2- LE. Bemow, M. Langevin et E.M. Aboulhamid,"'Performance Analysis for 

HardwareISofnKare Cosynthesis", paru dans les actes de la conference Canadian 

Conference on Electrical and Computer Engineering 96, 

3- I.E. Bennour et E.M. Aboulhamid, "Register Allocation using Circular FIFOs" 

paru dans les actes de la conference ZEEE Intermtionnl Symposium on Circuits and 

Systems 96. 

L'article soumis la publication PEN96dl est une synth5se bibliographique portant 

sur le problbme d'acckl6ration des boucles posC par la synthkse de haut-niveau des 

circuits realisant des traitements iteratifs. 

Circuits numkriques, Graphe de cootr6le et de flot de ~ k e s ,  Ordomancement, 
1'3 t LU 

Estimation de la performance, Programmation en nombks entiers, Programmation 

logique. 
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Introduction 

1. Motivations et &&me de la thhe 

Le dkveloppement technologique de la micr~lectronique au cows des vingt 

demieres andes a engendr6 une utilisation massive des circuits integr6s ii e s  grande 

QheUe (VLSI) dam les applications industrielles. La varibte et la complexit6 croissantes 

de ces applications ont cr66 le besoin de dhelopper des outils de CAO aidant le 

concepteur dks les premieres Ltapes de la synthkse de circuits. Ces outils pennettent 

d'augmenter la productivitd et de r6duire les erreurs de conception. La figure 1 illustre les 

principales &apes de synthese des systemes num6riques: 

(1) La synthPse systime ddterrnine les principdes composantes du circuit telles que 

les interfaces et les unites de traitement, et fme son architecture globale. Le risultat de 

cette Ctape est un ensemble de sp6cifications comportementales dtcrivant d'une faqon 

precise la fonctionnalite de chaque composante en faisant abstraction de toute rkalisation 

matdrielle. 

(2) La synth2se de hut-niveau gdnkre une realisation au niveau transfert de registres 

(RTL) 2 partir d'une sp6cification comportementale. Pour limiter le coQt du circuit, des 

contraintes sur les ressources du circuit (e.g., nombre d7unit6s fonctionnelles) sont 

irnposkes. 

(3) La synthkse logique transforme m e  description au niveau RTL en un assemblage 

dXl&nents combinatoires et d'6lhents de m6morisation. Les Cldments combinatoires 

sont ensuite optimisds et dalisbs partir d'un ensemble pr6-dkfini de composantes. 

(4) Lo synthbe au  niveau transistor convertit un &eau de portes logiques en un 

dseau de transistors et frxe l'emplacement topologique de chaque transistor dam le 

circuit. Cette &ape de synthese est dependante de la technologic de fabrication utilisee. 



d6scrip tion 
comportementale I 

niveau transfert de 

log ique 

circuits logiques r-l 
Synthise au niveau 
transistor 

reseau de 
transistors 

masques de fabrication 
du silicium 

Figure I .  Les diffeentes &tapes de synth2se. 



L.es Ctapes de synthhe logique et de synth5se au niveau transistor ont W integrees 

dam des nombreux outils de CAO: e.g., Synopsis et Cadence. Par contre pour la synthsse 

systiime et la synthBse de haut-niveau (SHN), des efforts restent encore il faire pour 

integrer ces &apes dam des outils de CAO industriels. 

Les recherches actuelles dans le domaine de la SHN peuvent E a  reparties en deux 

g roup .  Dans le premier groupe, on s'interesse B la synthkse de circuits synchrones dont 

le fonctiomement est contdilt par une ou plusieurs horloges internes. Les circuits 

synchrones sont les plus utilis6s dms Ies applications orient& aaitement de donnbes. 

Dans le deuxi5me groupe, on s'interesse ii la synth&se de circuits asynchrones. Les 

circuits asynchrones sont surtout utilis6s dam les applications orientees contr6le telles 

que les interfaces. 

Les travaux pr6sentes dam cette thkse portent sur la SHN des circuits synchrones. 

Comme nous l'avons d6ja dit, le but de la SHN est de transformer la spkcification d'un 

circuit du niveau comportemental au niveau transfer& de registres (RTL) tout en 

satisfaisant les contraintes de performance et de ressources. Ceae aansformation passe 

par deux &apes principales: l'ordomancement dam le temps des op&ations que le circuit 

doit effectuer, et 1'aIlocation des ressources necessaires A la rkalisation de ces opdrations. 

Dam la litteramre, plusieua heuristiques ont 4t6 props& pour r6soudre d'une fagon 

approch6e le problkme d'ordonnancement qui est NP-complet. Nous n'avons pas 

I'intention d'en developper d'autres. Par contre, nous dons  prEsenter des algorithmes 

polyn6miaux pennettant de calculer des bomes inferieures et sugrieures sur la 

performance qu'un circuit peut atteindre &ant dom&s des contraintes de ressources. La 

borne sup6rieure correspond B la performance maximale que le circuit peut atteindre 

independamment des heuristiques d'ordonnancement que le concepteur va utiliser. Cette 

borne est toujours sup6rieure ou egale 2 la performance optimum (voir figure 2). A I'aide 

de la borne supkieure, le concepteur peut conndtre 2 priori si la performance requise peut 

itre .atteinte avec les ressources disponibles. La borne inferieure constitue une valeur 

r6alisable de la performance avec les rnemes ressources. Donc, elIe donne au concepteur 

une premiere estimation de la performance que le circuit peut atteindre. 
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Ressources 

Figure 2. Relation entre les rialisations ginirks par les diffkrentes m&hodes 

En plus de I'estimation de la performance d'un circuit avant sa synthese, les bomes 

infkrieures et sufirieures servent a mesurer la qualit6 des solutions d'ordo~ancement 

produites par les heuristiques. En effet, plus la performance de la solution produite par 

l'heuristique est proche de la bome su@rieure, plus cette solution est proche de 

l'optimum (cas (a) de la figure 2.). Inversernent, plus la performance de la solution 

heuristique est en dessous de la bome inferieure, plus cette solution est loin de l'optimum 

(c* (W* 

La seconde &ape de la SHN, l'allocation de ressources, est elle mime composk de 

plusieurs sousetapes dont l'une est I'allocation de registres aux variables interm6diaires 

produites par les unit& de traitement et de contr6le. Les approches traditionnelles 

d'allocation de registres se limiten? B minimiser le nombre de registres dam le circuit sans 

tenir en cornpte de l'organisation des registres il I'indrieur du circuit. Or l'organisation 

des registres a un impact direct sur le nombre de signaux de contr6le et sur la complexit6 



du chemin de dom&s. Nous prksentons dans cette these une nouvelle approche 

d'allocation pennettant de minimiser le nombre de registres et d'obtenir des structures 

memoires assez r6gufi5res e t simples B realiser matkriellemen t . 

2. Plan de lecture 

Cette these est compos6e de 5 chapitres. Le premier chapitre presente une introduction 

P la synthese de haut-niveau et Ctudie le problkme d'accCleration des boucles post5 par la 

synthhe des circuits dalisant des traitements itkratifs. Un traitement itbratif est 

Cquivalent i une boucle infinie. Ce type de traitements est frQuent dans les applications 

de traitement de signaux et de traitement d'irnages. Le probleme d'acdl&ation des 

boucles est ttudi6 aussi dans les domaines de la recherche op6rationnelle et de la 

compilation OD certains rksultats peuvent Stre exploit& dam le domaioe de la synthhe de 

circuits. Ce chapitre regroupe les principaux r6sultats theoriques et pratiques Lies 5 ce 

problhe  et expose certaines methodes pour le r6soudre. Ce chapitre dome aussi les 

motivations des travaux present& dans les chapitres suivants. Le contenu de ce chapitre 

est soumis c o m e  un article de synthese ii la revue Technique et Science Inforrnatique". 

Le deuxihne chapitre est constituC d'un article qui pdtra dam la rewe Design 

Automation for Embedded System. Cet article presente un ensemble de methodes 

algorithmiques qui permettent au concepteur d'dvaluer, au cows de 1'6tape de synth&se 

de haut-niveau, la performance de diff6rentes rkalisations au niveau transfert de registres 

(RTL) des circuits effectuant des traitements it6ratifs. Ces rnethodes permettent de 

calculer une borne sup6rieure sur la performance de toute r6alisation d'une sp6cification 

comportementale d'un circuit itkratif comportant un ensemble de contraintes mat6rielles 

portant sur le type et le nombre de resources disponibles. 

Le troisieme chapitre est composd d'un article paru dam les actes de la confkence 

canadienne en g n i e  Plectrique et infonnatique. Cet article presente des methodes 

d'estimation de la performance des r6alisations au niveau RTL avec deux extensions par 

rapport aux mt5thodes du chapitre preckdent: (1) la sp6cification comportementale du 



circuit peut contenir des structures de contr6le complexes telles que des boucles 

imbriquees et des branchements conditionnels, et des contraintes sur I'architecture du 

circuit, (2) les m6thodes proposees permettent de calculer des bornes inf6rieures et 

sup6rieures sur la performance. 

Le quatri8me chapitre est composC d'un article paru dans les actes de la conf&ence 

IEEE International Symposium on Circuits and Systems. Cet article porte sur Ie problbme 

d'allocation des registres dans la synthiise de haut-niveau de circuits dtdiees 1 des 

zpplications sp6cifiques. Il presente une nouvelle organisation des registres sous forme de 

files circulaires, adapde aux applications it6ratives et qui permet de reduire la taille du 

circuit. 

Nous concluons ce travail (chapitre 5) en mettant I'accent sur I'intkrSt des methodes 

proposCes dam cette th&e et nous discutons certaioes directions de recherche. 



Chapitre 1. 

Les problgmes d' ordomancement cyclique dam la 
synth8se de circuits num6riques 

1.1, Introduction 

L'une des principales Etches de la synthbe de haut-niveau est I'ordonnancement dam 

le temps des op6rations que le circuit doit realiser. Dans ce chapitre nous Btudions le 

probMme d'ordonnancernent qui apparait dam la synthkse des circuits rt5alisant des 

traitements itdratifs. Un eaitement idratif (ou r6gtitif) est Cquivalent une boucle 

infinie. Ce type de traitements est frequent dam les applications de traiternent du signal 

oil un meme traitement est r6p6t6 indefiniment sur des domees diffikentes. D'une fa~on  

informelle, le probliime d'ordomancement cyclique consiste 2 ordonner dam le temps 

l'ex6cution repetitive d'un ensemble d' operations lEes par des contraintes de prkctdence, 

en utilisant un oombre limit6 de ressources. Ce problbme est ttudiC aussi dam les 

domaines de la recherche op6ratiomeUe et de la compilation oii certains rksultats peuvent 

&re exploit6s dans le domaine de la synthkse des circuits numeriques. 

La synth6se de haut-niveau est presentement ua domaine de recherche trks actif. Les 

livres classiques en synthhe de haut-niveau -94. GAJ92, MIC921 n'effleurent les 

ordomancements cycliques que supeficiellement. Ce chapitre: 

- Dome une introduction & la synth6se de haut-niveau. 

- Rbsume le principaux resultats relatifs aux problkmes d'ordonnancement cyclique 

et qui sont utiles pour la synthkse de circuits. 

- Expose c e d e s  mkthodes pour r6soudre les problkmes d'ordomancernent cycli- 

que. 



Ce chapitre est compost? de 7 sections. La section 1.2 dkcrit les principales Ctapes de 

la synthbse de haut-niveau. La section 1.3 pdsente une rnod6lisation graphique des 

traiternents iteratifs et les cri ths d'optimisation dam l'ordomancement des traitements 

iteratifs. La section 1.4 dt5finit le problhne d'ordonnancement cyclique. La section 1.5 

presente une synth5se des mCthodes de rkolution du probl6me d'ordonnqcement 

cyclique. La section 1.6 aaite le probleme d'allocation des ressources dans les 

ordonnancements cycliques. Finalement, la section 1.7 pdsente certaines directions de 

recherche. 

Description algorithmique 

I Com~ilation 
Niveau comportementale 

Niveau vansfen de registres 

Niveau logique 

Niveau transistor 

1 Synthese logique 

I circuits logiques 1 
1 Synthh  du circuit 

I rkseau de transistors I 
t 

Masque de fabrication 
Figure I .  I Les principales itapes de synth6se. 

1.2. La synthhe de haut-niveau 

La figure 1.1 montre les principales &apes de conception d'un circuit. Chaque &ape 

transforme la sptkification du circuit en introduisant plus de details. Au plus haut niveau 

d'abstraction, la sp6cificatioa d6crit la fonctionnalitk du circuit en faisant abstraction de 

toute rkalisation matbrielle. La sp6cification est dom& dans un langage de description du 

materiel tel que VHDL. Elle est ensuite traduite en une representation graphique appelCe 

graphe de contr6le et de flot de domks ( G m ) .  Dans sa forme la plus simple, le GCFD 



est un graphe orient6 dont les noeuds representent les op6rations atomiques que le circuit 

doit daliser, et les arcs repdsentent les pr&&dences entre les opkrations qui sont dues aux 

dependaxes de donn6es. 

Exemple: La f i p  1.2.a montre le GCFD correspondant B l'expression 

La synthkse de haut-niveau est une squence de tikhes qui transfoment un GCFD en 

une description plus dt5taill6e appeltk description au niveau transfert de registres. Cette 

demi&re description dome les deux principales composantes formant un circuit, % savoir 

I7unit6 de traitement et l'unit8 contde. L'unit8 de traitement, appelee aussi chemin de 

donndes. contient les unites fonctionnelles et les registres. L'unit6 de contdle determine 

chaque cycle d'horloge quelles ophtions du GCFD doivent Etre exbcutkes et par 

quelles unites fonc tiomelles. 

La synthese de haut-niveau est composb de quatre tsches dependantes les unes des 

autres: 

(1) la sklection des unit& foactiomelles, 

(2) l'ordonnancement des ophtions du GCFD, 

(3) I'aUocation des registres aux variables, et 

(4) l'allocation des bus aux transferts de domees. 

Dam ce qui suit, nous d6crivons brihvement l'objectif de chaque tgche. Pour plus de 

details, Ie lecteur peut se r6f6rer B [DEM94, Gk1921. 

(1) S4lectiorz des unit& fonctionnelles. Cette Gche consiste Zi selectionner 2 partir 

d'une bibliotheque de composantes mat&ielles les types d7unit& fonctionnelles qui 

seront utilis&s pour exkuter les op6rations du GCFD. Une unit6 fonctiomelle est 

caract6risck principalement par les types d'op6rations qu7eUe rt5alise, sa vitesse 

d'exkution, son coat et sa taille. 



temps 
0 -  

temps 

3 

Figure 1.2 Les difftrentes &tapes de la synthsse de hut-niveau: 
(a) Le GCFD de I'expression z = ( 2  + x )  x (x + y) x ( y  + 5 )  (b) Ordomncement (c) 
Les pgriodes de vie des variables avec m e  assignation ir deux registres (d) b chemin de 
donnges obtenu ~pr2s la synthese des connexions. 



(2)  Ordonmncement des op~ratiom du GCFD. L'objectif de cette Gche est de 

determiner un ordre statique d'exkution des optrations du GCFD par les unitCs 

fonctionnelles. L'ordre doit respecter les dependances qui existent enue les op6rations. 

On distingue deux categories d'ordomancements: I'ordomancement sous contraintes de 

ressources et ~'ordomaucement sous contraintes de performance. Dans la premibre 

categorie, le nombre maximal d'unids fonctionnelles Z i  utiliser dam le circuit est fix6 

d'avance, et l'objectif consiste B minimiser la dude de l'ordomancement. Dam la 

deuxikme categorie, la durk  de ~'ordomancernent est fwee, et l'objectif est de minimiser 

le nombre d'unites fonctionnelles utilistks. 

Exernple: Supposons qu'on dispose de deux additiomeurs (addl, addz) et d'un 

multiplieur (mul). La dude d'une addition est une unit6 de temps et celle d'une mui- 

tiplication est deux unites de temps. La figure 1.2.b montre un ordo~ancement rea- 
lisable du GCFD. 

(3) AlZocarion des registres aux variables. Chaque variable interm6diaire (donnie) 

produite par une op6ration du GCFD devrait &re sauvegardee dans un registre tant que 

toutes les operations utilisant cette donnee n'ont pas tt6 exkutees. La pdriode de vie 

d'une variable est l'intervalle dCfini par I'instant de sa creation et I'instant de sa derniere 

utilisation. Les variables qui ont des griodes de vie disjointes peuvent partager le m h e  

registre. L'un des principaux crit*res d'optimisation dans cette ache est la minimisation 

du nombre de registres. 

Exemple: Le GCFD de la figure 1.2 contient 4 variables intermediaires { vl , v2, 9, 

vz} . Leurs @nodes de vie sont respectivement [1,3], [1,3], [3,5] et [3,5]. Pour sau- 

vegarder ces variables, il faut au moins deux registres. Une solution d'allocation se- 
. rait d'assigner au premier registre rl, les variables vl et vg, et au deuxibme registre 

r2 les variables v2 et v4. 

(4) Allocation des bus aux trunsjierts de dunndes. L'objectifde cette ache est d'btablir 

les intercomexions entre les unitis fonctionnelles et les registres afin de former un 

chemin de donnees complet. Le principal crit&re d'optimisation dam cette &he est la 



minimisation du nombre de connexions et de multiplexem. 

Exemple: Le chemin de donntks de l'exemple de la figure 1.2.a obtenu aprks la syn- 

Wse des connexions est montr6 dam la figure 1 -2.d. 

1.3. Les traitements iteratifs: mod6Iisation et ordomancement 

Nous considerons maintenant le cas ofi le circuit 2 synthetiser effectue un traitement 

iteratif. Dans ce type de traitements, deux catkgories de dependances peuvent exister entre 

les opirations: les ddpendances entre les op6rations d'une meme itbration et les 

dependaces entre des op6rations appartenant B des iterations diffkrentes. Cette section 

prksente une modelisation graphique des traitements itkratifs et les critkres d'optirnisation 

dans I'ordomancement d'un traitement iteratif. 

1.3. I .  Mode'lisation des traitements ife'ratijs 

Les deux modgles Equemment utilises pour representer les operations d'un 

traitement itbratif et les contraintes de precbdence qui les relient sont les riseaux de Petri 

temporisCs et les graphes de precbdence reduits [CAR88, CHR83J. Nous utilisons le 

deuxieme modble qui est une extension du GCFD. 

Un graphe de precedence reduit est un graphe orient6 dbfini par le quadruplet 

(0, E' H, D) oil: 

- 0 = { o i l  est l'ensemble de noeuds du graphe; les noeuds representent les 

op6rations que le circuit doit daliser. Ces op6rations sont dites gen6riques &ant 

donn6 qu'elles peuvent &re exbcutks plusieurs fois sur des domdes diffkrentes. Une 

iteration correspond une execution de l'ensemble des ophtions gh6riques. 

- E c 0 x 0 est l'ensemble des arcs du graphe reliant toute paire d'op6rations ayant 

une contrainte de pdc6dence entre eLles. On note par eij I'arc de oi vers o, . 

- H : E -t N (l'ensemble des entiers naturels) appelQ fonction de hauteur. La valeur 

H (e..) indique que le r6sultat de l'op6ration oj d'une iteration n quelconque est 
lJ 



utilid par I'opCration oj de I'iteration (n + H (e i j )  ) . On dit que l'op&ation oi est 

li6e a 110p6ration oj par une contrainte de pdddence intra-iteration (resp. par une 

contrainte de prdckdence inter-itkrations) si H (eU) = 0 (resp. si H (eU)  > 0 ). 

- D: 0 + N* appelee fonction de d u r k  La valeur D (0,) est 6gde i la duree 

d'exkution de I'op6ration oi . 

Dans le reste du chapitre on notera par (0 ,  n) I'occurrence de l'op6ration oi 

I'it6ration n . 
Exemple: La figure 1.3 illustre une specification d'un uaitement idratif (a) et le 

graphe de p&6dence correspondant (b). Ce graphe de pk6dence sera utilisi tout 
le long du chapitre. On supposera que la duree d'une addition est Bgale it une unit6 
de temps et celle d'une multiplication est Cgale i deux unites de temps. 

De n = 4 B = faire 
Debut 
00: a[n] c E[n] x d[n-21; 

01: b[n] t cl + a[n]; 

02: c[n] c cz + d[n-11; 

03: d[n] t b[n] x c[n-11; 

04: S[n] t c3 x c[n-11; 

Fin 

Figure 1.3 Un exemple de traitemenr itgatif: (a) Spicijication (b) Graphe de prickdence 

La hauteur et la d d e  d'un circuit du graphe sont tgales, respectivement, 1 la somme 

des hauteurs de ses arcs et B la somme des durees de ses sommets. Un graphe de 

pdc6dence est coheent s'il ne contient pas de circuit de hauteur nulle. Autrement 

certaines opc5rations ne poumont jamais Ctre exkutees sans violer les contraintes de 

preckdence. 

Une op6ration gEn6rique est dite rhtrante (resp. non r6entranre) si les occurrences 



de cette op&ation peuvent (resp. ne doivent pas) etre ex6cut6es en parallble. Dans le 

domaine de la synthhse de haut-niveau ainsi que dam le reste du chapitre on suppose par 

defaut que les op6rations sont r&ntrantes. Notons que la non rkentrance d'une op5ration 

oi peut &re mod6lis6e dans le graphe de precedence par une boucle eii de hauteur egale 

B un. 

1.3.2. Ordonnancement des traitements ite'ratrys et c&i?res d'optimisation 

Le deux principales mesures de la performance d'un circuit effectuant un traitement 

iteratif sont la frequence et la latence. La j%quence correspond au nombre moyen 

d'itgrations execut6es par unit6 de temps; plus la Mquence d'un circuit est dlede plus sa 

performance est Clevee. La latence est tgde  Zi la duree maximale d'exdcution d'une 

iteration. Dans les applications oh une itdration correspond au traitement d'un Cchantillon 

en entree, la latence mesure la rapidit6 du circuit B traiter un 6chaatillon. 

L'objectif de I'ordomancernent d'un traitement itdratif est de d6terminer un ordre 

statique des exkutions dp6titives des op6rations g6nbriques. L'ordre doit respecter les 

dependances entre les op6rations et les contraintes de ressources s'il y en a. Le premier 

crit6re d'optimisation de l'ordomancement est la maximisation de la fbiquence. Le 

second critkre, valable uniquement pour certains types d'applications, est la minimisation 

de la latence. Pour atteindre des fh5quences 6levks. l'ordomancement doit exploiter le 

deux niveaux de parallaisme pdsents dam les traitements ittratifs: le parallklisme entre 

les op6rations d'une meme itkition, et le pardClisme entre les opdrations qui 

appartiement ii des it6rations diffgrentes. 

On distingue, principalement, deux categories d'ordonnancements cycliques: ( 1) les 

ordomancements p6riodiques et (2) les ordomancements K-p6riodiques. Dans la 

categorie (1) toutes les iterations ont le meme ordonnancernent, et la meme dude sdpare 

les debuts des ex6cutions de deux iterations successives. Dam la cattgorie (2) 

l'ordomancement de K iterations successives est fixe et se r6p&te Z i  un intervalle rbgulier. 



Exemple: La figure 1.4 montre un ordomancement pkriodique de frequence tgale B 
1/3 et de latence 6gde B 5. Un ordonnancement K-p6riodique du &me graphe est 

dorm6 dam la figure 1.5. La Mquence et la latence de cet ordomancement sont res- 
pectivement de 2 5  et 5. 

gabarit d'ordonnancemenr 

I I I I 
I 

I I w 

0 2 3 4 temps 

Figure I .4 Un ordonnancernent piriodique de frkquence 1/3 ef de la fence 5. 

~ro lome  gabarit d'ordomancement 

I I I I 
2 3 '8 13 

t 

temps 

Figure 1.5 Un ordonnancernent K-piriodique de frkquence 2/S. 



L'avantage des ordonnancements p6riodiques est qu'ils engendrent des architectures 

matgrielles assez dguli&res. Cependant les ordomancements K-p5riodiques permettent 

d'atteindre des Wuences plus 6levks. 

Un ordomancement cyclique est stable s'il existe un instant il partir duquel il appardt 

un gabarir d'orchnnancement qui se &@te d'une fqon pdriodique (voir la figure 1.5). Le 

prologue d'un ordo~ancement stable est la partie de  ordo do man cement qui pr6cl.de 

l'apparition du premier gabarit. Un ordonnancement stable est compl2tement d6fin.i par 

son prologue et son gabarit. Ainsi, pour realiser materiellement un ordonnancement 

cyclique stable il suffit de memoriser son prologue et son gabarit. La rt5alisation des 

ordomancements qui ne sont pas stables nkessite une m6moire de taille exorbitance et 

donc ils ne sont pas intkressants. 

Le resultat de L dkpliages d'un graphe de pr6ctdence est un nouveau graphe de 

prdctdence reprbsentant les opht ions de L itkrations successives et les contraintes de 

preckdence intra-itiration et inter-iterations qui les relient. Le nombre de noeuds et le 

nombre d'arcs dam un graphe dkplid L fois sont Cgaux, respectivement, B LlOl et L14 , 

oSI 101 et 14 sont, respectivement, le nombre de noeuds et d'arcs dans le graphe initial. 

Exemple: La figure 1.6 montre le r6sultat de deux dkpliages. 

Notons qu'apres uu nombre b led  de depliages, les contraintes de prk6dence 

deviennent uniquement entre des operations d'une meme itdration ou entre des op6rations 

appartenant au plus B deux iterations successives (autrement dit, les hauteurs des arcs 

deviement 6gdes zero ou un). 



I deux ddpliages 

Figure 1.6 Dgpliage d'un graphe avec L=2. 

L'operation de depliage a au moins deux utilites pour l'ordonnancement. D'une part, 

le d6pliage rend plus explicite le paralI6lisme existant entre les opirations appartenant B 

des iterations differentes. Ceci permet en general d'augmenter I'eff~cacit (en terme de 

fiquence) de certains algorithmes d'ordonnancement D'autre part, certains algorithmes 

d'ordonnancement sont restreints des graphes de pnk6dence oa les dependances entre 

les opkrations sont au plus entre deux iterations successives. Le dkppliage permet d'utiliser 

ces algorithmes pour ordomer des graphes quelconques. 



Voici un algorithme qui permet de constmire le graphe L fois d6pM d'un graphe de 

prect5dence donne. 

1 : Pour chaque noeud oi du graphe initial crkr L noeuds (oi, , .. . . .oi, L) . 

2: Pour chaque arc eij du graphe initial faire: 

- Si H (eij) = 0, alors ajouter dam le nouveau graphe des arcs oi, + o,, , 
(de q = 1 2i L) avec une hauteur nulle. 

-Si H ( e .  .) < L , alon ajouter des arcs oi, q -  (Ci j ,  oj, 11 

(de q = H (eij) + 1 Zi L) avec une hauteur nulle. Et ajouter des arcs 

Oi. L - H ( ~ , , )  + q  -f Oj,, (de q = 1 H (eij) ) avec une hauteur Cgale B un. 

-Si H ( eij) 2 L , ajou ter des arcs o 1 -+ o,, avec une 
L - H ( e , )  + q  

hauteur 6gale i Iff (eijIL q + 1 1 (de q = 1 a L) . 

1.4. Sp6cification du probliime d'ordonnancement cyclique et calcul de 
la frdquence maximale 

Dans la premibre partie de cette section nous donnons Ies definitions prkcises du 

problbme d'ordomancement cyclique et des ordomancements K-periodiques et 

piriodiques. Dans la seconde partie, nous Btudions les facteurs qui limitent la fikquence 

d' un ordomancement. 

1.4.1. Mod2e de ressources et difinifions 

Le modPle de ressources. On consid&re que chaque operation genirique est affectee 

au pdalable un type d'unitd fonctio~elle. Plusieurs operations peuvent Etre affectees 

au m h e  type d'unitk fonctionnelle. Il peut y avoir plusieurs instances d'un meme type 



d'unit6 fonctionnelle. Une unit6 fonctiomelle est dite hornog&ze si elle peut executer 

n'importe quelle op6ration generique. 

L'ordo~oncement d'un graphe de prdcidence. Soit G = (0, E, H. D) un graphe 

de prk6dence et soit Q+ l'ensemble des rationnels positifs. Un ordonnancement cyclique 

de G est une fonction s : 0 x N* + Q+ qui associe ii chaque occurrence (or n) 1' instant 

de son dCbut exkcution. U n  ordomancement s est &disable ssi les deux contraintes 

suivantes sont verifi6es: 

(1) Contraintes de pkcedence: 

(2) Contraintes de ressources: il existe une allocation des unites fonctionnelles aux 

opkrations sans qu'il y ait un conflit de ressources. 

Lufit!quence d'un ordonnancement cyclique s est dgale B 

Le probl2me d'ordonnancernent cyclique (POC). Etant domC un graphe de 

pr6c6dence. une affectation des op6rations gCneriques aux types d'unitQ fonctiomelles et 

un nombre d'instances de chaque type d'unite, le POC est de determiner un 

ordonnancement realisable de fkequence maximale. 

Ordonnancemenr K-p6riodique. Un ordomancement s est dit K-p6riodique s'il existe 

dew entiers no, K et un rationnel positif P tel que: 

K et P sont appelCs, respectivement, la p6riodicit6 et la Hriode de s . La Wuence de 

K 
s est 6gale B - 

P ' 



Ordannancemenr pkriodique. Un ordomancement s est p6riodique s'il existe un 

rationnel positif P tel que 

1 La fiequence de s est egak B - Un ordonnancement griodiquk est un 
P* 

ordonnancement K-p6riodique de p6odicitt5 6 g l e  Zi un. 

Deux facteurs limitent la fiequence maximale d'un traitement itbratif: les contraintes 

de ressources et les dkpendances entre les operations. La valeur de la fkequence maximale 

due aux contraintes de ressources, notke F,,, , est donnee par I'expression suivante: 

F,,,, = min 

oB mh est le nombre d'unites fonctio~elles de type h disponibles, Oh est l'ensemble 

d'op6rations g6n6riques qui doivent Stre exkut6es sur des unit& de type h, et D (oi) est 

la dur& de l'opt5ration genCrique oi . 

La fikquence maximale due aux dbpendances entre les operations est appelCe 

frequence critique et node F,,., . La valeur de F,,., est donnee par la formule suivante 

[CHR83]: 

C H (ei j)  
Fcri, = min Ck reij ck } C D(oi )  

oa C, est un circuit dlernentaire dam le graphe pdctdence. Cette formule decoule de 

l'tquation (1). Si le graphe pr6c6dence ne contient pas de circuits, alors thkoriquement la 

fit5quence critique est infnie et toutes les iterations peuvent s'executer en parallble s'il y 



a suffisamment de ressources. Un circuit est dit critique si le rapport entre sa hauteur et sa 

dude est tgale ii la Mquence critique. 

Exemple: Le graphe de prkckdence de la figure 1.3 contient dew circuits 

C, = 0,+0, + o , + o , ,  C2 = o,+o ,+o ,  

Si on suppose que la dude d'une addition est Cgale ii une unit6 de temps et celle 

d'une multiplication est 6gde ii deux unit& de temps, alors la valeur de la Hquence 

2 2 critique serait dgale 3 mi(- ) = 1. Le circuit CI est critique. 
5' ? 5 

La fiequence maximale raisable, notee F,,, est bornee par le minimum de F,,, 

et Frcss : 

1.4.3. Mithode de calcul de lafi6quence critique 

La frtquence critique d'un graphe de pdcddence peut etre calculc?e en un temps 

polyn6mial. Cette section prdsente une rndthode simple et efficace pour calculer la 

fiequence critique; d'autres m6thodes sont dbcrites dans [ZAK89, GER921. Notons que 

le calcul de la fdquence critique directement Zi partir de la formule (4) peut prendre 

theoriquement un temps exponentiel vu que le nombre de circuits 6Ementaires dam un 

graphe peut &re exponentiel. 

Bornes infkrieure et superieure de 1afrPquence critique: A partir de la formule (4), on 

peut deduire que 

oh. dm= = max {D (0,) } . h,, = max {H (eU)  ) 
Oi eij 

La borne inf6rieure de F,,, correspond au cas oh le graphe contient un circuit qui 

passe par tous les noeuds et que tous les arcs du circuit ont m e  dur6e &ale 2 dm, et une 



hauteur nulle, B l'exception d'un arc qui a une hauteur 6gale B un. La borne supkieure 

comespond au cas ob le graphe contient un circuit qui passe par tous les noeuds et que tous 

les arcs du circuit ont une hauteur 6gale 2 h,, et une duck Cgale B un. 

La mithode de calcul de la fibquence critique est bas& sur la propriett5 DON921 

suivante qui dkoule de la contrainte de l'tquation (1). 

Soient G= (0, E, H, D)  un graphe de prdckdence et F un rarionnel positif: F est 

unefr&quence rtfalisable de G si le graphe &= (0, E, fi, D) o2r 

1 A (e,) = D (0, )  - - H (q,) F 

ne contient pas de circuit de hauteur positive. 

Ainsi, le calcul de la frequence critique revient la recherche de la plus grande valeur 

dans 1' intervalle [ 1 , h,,,] qui verife la propriEt6 precederite. La complexitk de 
lol dm, 

cette methode en temps est de O (101 14 log ((Old,,) ) PON921. 

1.5. Le probl6me d'ordonnancement cyclique (POC): complexit6 et 
methodes de rbolution 

La mculte dans la dsolution du POC est due principalement aux contraintes de 

ressources et la prbsence de circuits dam le graphe de precedence. Dans cette section 

nous dtudions le POC en distinguant les trois cas suivants: (1) cas oa il n'y a pas des 

contraintes de ressources, (2) cas oil le graphe de p&t?dence est acyclique, (3) cas general 

oil il y a des contraintes de ressources et des circuits dam le graphe de prkedence. Les 

cas particuliers (1) et (2) ont td distinguts car ils sont Mquents dam la synthkse des 

circuits nurneriques. En fait, pour certaines applications qui requi8rent des Mquences 

blevkes ies contraintes sur les ressources sont secondaires, et plusieun traitements 

it6ratifs ne contiement pas des contraintes de pdcedence inter-itdrations, et donc ils ont 

des graphes de prkc6dence acycliques. 



1.5.1. Le POC sans contmintes de ressources 

Dam le cas oii il n'y a pas de coatraintes de ressources, le POC est calculable en un 

temps polyn6mial. La Mquence optimale est &ale ii la fi6quence critique. D'autre part, 

il existe toujours des ordomancements K-ptkiodiques ii vdeur entiere et de fdquence 

optimale. En plus, il existe toujours des ordonnancements #iodi~ues. pas 

n6cessairement valeur entiere, de fr6quence optimale. On dit que les ordonnancements 

p6riodiques sont dominants dam le cas OD il n'y a pas de contraintes de ressources. Dans 

ce qui suit, nous dkrivons une methode simple pour calculer ces deux types 

d' ordonnancements. 

D'aprks l'kquation (2)' les ordo~ancements p6riodiques de Mquence maximale sont 

de la fonne: 

Une fois que la valeur de Fcri, est calcuEe, les valeurs s(o, 1) peuvent etre deduites 

facilement. Ces valeurs doivent satisfaire la contrainte de 1'Cquation (1). En combinant Ies 

equations (1) et (6)' on obtient: 

Ce systkme est une version du problgme du plus court chemin. ll peut Btre dsolu par 

I' algorithme de Bellmawford [COR90] en un temps 0 ( 101 14). 

Une fois l'ordonnancement ptiriodique calcuM, il suffit d'appliquer le thbo&me 

suivant w 9 4 ]  pour obtenir un ordonnancement K-p6riodique de Equence maximale. 

Ce tht5or*me n'est valable qu'en l'absence de contrainte de ressources. 

Si s est un ordonnancement p&riodiqw. alors s* d@ni c o m e  suit: 

est un ordonmcement K-pPriodiqw et de m&mefi&quence que s .  



Dans le cas oB il n'y a pas des contraintes de ressources, d'autres m6thodes 

polynomiales ont W proposk dam [SCH89,ZAK89, IWA90, CHA93a, JEN94] pour 

calculer des ordomancements K-p&iodiques, B valeur discr5te et de Mquence maximale. 

La methode de Iwano et al. m A 9 0 ]  est efficace car elle permet d'obtenir des 

ordomancements de Mquence maximale et de gabarit de taille minimale. 

L'ordonnancement cyclique au plus t6t. Consid6rons le mode d'ordomancement qui 

consiste B ordonner les instances des op&ations gin6riques au plus t6t: I'exBcution d'une 

operation est activee dbs que l'exkution de ses pr6d6cesseurs est temi.de. Un tel 

ordonnancement est dit au plus tdt. Carlier et nl. [CHR88] ont montd que dam le cas oh 

les op6rations sont non rtkntrantes et que le graphe de prkedence est fortement connexe, 

les ordomancements a u  plus t6t ont une structure K-p6riodiques; avec une p6riodicit6 K 

Cgale au produit des hauteurs des circuits critiques et une p6riode Cgale B K - F,,, . Ce 

r6sultat est aussi valable pour certains graphes faiblement connexes [CHR88]. Les 

ordonnancements a u  plus tbt ont l'avantage d'avoir une latence minimale en plus de 

l'ex6cution au plus t6t des iterations. Par contre la taille du gabarit de ces 

ordonnancements peut Etre trop grande. 

L'ordonnancement cyclique avec &te limite. On suppose maintenant que la date de 

la fin d'ordomancement de chaque iteration n est soumise B une date limite A,. Il est 

interessant de savoir le moment le plus tard t, (o, n) de  ordo do man cement de l'op6ration 

( o ,  n) tel que les dates limites soient respectees. Ce probkme a 6t6 Btudie dans [CHR9 11. 

Il a 6t6 montrk que dam le cas particulier ob chaque An est Cgale au moment le plus tbt 

de la fin d'execution de l'iteration n, l'ordonnancement t ,  = ( t , ( o ,  n ) )  a une 

structure K-Nriodique avec m e  griodicit6 K Egale au produit des hauteurs des circuits 

critiques et une @node 6gale B K FCri,. 

1.5.2. Le POC avec des gruphes de pr6c6dence ucycliques 

Munier a montr6 dans [MUN91] que si le graphe de prec6dence ne contient pas de 



circuits d o n  le POC est polyn6mial. Notons que le problhme de la minimisation de la 

latence pour une fr6quence fm& est NP-complet m h e  si le graphe de pr&&dence est 

acyclique [GROgZ]. 

1-53. Le POC avec contruintes de ressources et graphe de pr&6&nce 
cyclique 

Dans son cas g6n6raI le POC est un problkme NP-complet, meme si le graphe de 

prect5dence est compose uniquement d'un circuit m 9 4 ] .  Un algorithme polyn6mial 

proche de l'optimum pour rksoudre le probEme B m unit& fonctiomelles homogenes est 

donne dam [GAS92]. La Mquence de l'ordomancement obtenue par cet algorithme est 

egale dans Ie pire cas au deux tiers de la frequence optimale. 

Plusieurs m6thodes heuristiques ont it6 proposks dam la littkrature pour dsoudre le 

POC. Nous d6crivons dam ce qui suit les trois approches d'ordomancement 

fdquemment utilis6es. 

l t re  approche. Elle consiste 5 fixer un meme ordomancement pour toutes les 

iterations. Cet ordomancement doit satisfaire les contraintes de prkcedence intra-itfiration 

et les contraintes de ressources. Puis les moments de dkbut d'execution des itgrations sont 

calcules de sorte que les contraintes de preddence inter-iterations et les conaaintes de 

ressources soient respectbes. Cette approche est souvent utilisie avec le modsle des tables 

de reservation [KOG81]. Les ordo~ancements obtenus ont gendralement une structure 

K-p6riodique. Des algorithmes qui utilisent cette approche sont dbcrits dam [SU87, 

LIU89, HAN90]. 

22me approche. Cette approche est i tht ive et consiste B fixer la fdquence B one 

certaine valeur cible inferieure ou Bgale 2 la borne sup6rieure donnh par I'equation (S) ,  

puis 2 chercher un ordomancement p6riodique ayant cette Mquence. Si au bout d'un 

certain temps la recherche Choue, la fibquence cible est rdduite et le processus est kitir6. 

Theoriquement, cette approche permet d'atteindre la fiequence maximale si le graphe de 

pr6ctdence est suffisamrnent dt?pli6. Des algorithmes qui utilisent cette approche sont 



32me approche. Il s'agit d'une approche constructive. On commence avec une 

solution d'ordo~ancement realisable puis on la modife dans le but d'amkliorer la 

fkQuence. Chao et aI. ont montrt5 dam [CHA93b] que la technique de resynchronisation 

pouvait &re utilisBe pour determiner des ordomancements efficaces d'une rnan2re 

constructive. Cette technique est d6taiUtk dam la section suivante. 

1.5.4. L4 resynchrunisation et son utilisation d a n s  Z'ordonnancement 

I.5.4.l. DL'finition de la resynchronisation 

La technique de resynchronisation a C d  d6velopp& initialement pour reduire la 

periode d'horloge dans les circuits synchrones LEI9 I]. Elle consiste reorganiser le 

graphe de prkedence en modifiant les hauteurs des arcs. 

Soit G = (0, E, H, D) un graphe de precedence et soit cp une fonction de 0 dans Z 

(I' ensemble des entiers) dite fonction de resy nchronisation. On appelle graphe 

resynchronisC de G par rapport il rp le graphe G ,  = (0, E, Hq, D) oa 

Exemple: La figure 1.7 montre le graphe obtenu apks la resynchronisation: 

cp(0,) = cP(0,) = cp(0,) = -2; (p(0,) = cp(0,) = -1. 



(a) (b) 

Figure 1.7 Graphe de pricidence aprh une resynchronisation. 

/ o 1 2 3 4 temps 

gabarit 

I r - - - - -  / -r-- - - -  1 

Figure 1.8 (a) Le graphe resynchronist! de la figure 1.7.b avec seulernent les 
dt!pendances intra-irkration (b) Un ordomancement non cyclique de ce graphe 
(c) L'ordonnancement cyclique de'n've' d parrir de 1 'ordonnancement non cyclique 



1.5.4.2. Relation entre resynchronisation et ordonnancement 

Soit G un graphe de pnk6dence et soit G ,  le graphe obtenu par une 

resynchronisation de G. On p u t  d6montrer [CHA93b] que tout ordonnancement des 

optkations de G, qui satisfait uniquement les contraintes de prkbdence intra-itdration 

(arcs de hauteurs nulles) et les contraintes de ressources est un gabarit d'un 

ordonnancement p6riodique de G . Cette propri6t6 montre que la solution d'un problkme 

d'ordonnancement cyclique peut e t ~  obtenue en dsolvant un problbme 

d'ordomancement simple (non cyclique) prktdc5 d'une resynchronisation. La difficult6 

reside daas le choix de la resynchronisation appliquer. 

Exemple: Le graphe de la figure 1.8.a est le graphe resynchronisk de la figure 1.7.b 

avec seulement les dkpendances intra-itkration. Supposons qu'on dispose de deux 

multiplicateurs et d'un additionneur. Un ordonnancement qui satisfait les dependan- 
ces intra-iteration et les contraintes de ressources est donne dam la figure 1.8.b. Cet 

ordonnancement est le gabarit de l'ordonnancement cyclique p6riodique de la figure 

1 -8.c. 

1.5.4.3. Une heuristique d 'ordonnancement util isant la resynchronisation 

Dans ce qui suit on presente une heuristique illustrant l'utilisation de la 

resynchronisation dans un algorithme d'ordonnancement. L'heuristique consiste B 

effectuer d'une faqon r6p6titive la resynchronisation suivante 

-1 si V e j ,  H(ej i )  > 0 
'doi e 0 .  cp (0,) = 

0, autrement 

suivie d'un ordonnancement, jusqu'a I'obtention d'une fiequence satisfaisante. 

L'heuristique est composk de trois &apes: 

(a) Appliquer sur le graphe de prec6dence courant G la resynchronisation cp .  Le 

graphe n5sultant est Gp . 
@) Trouver un ordomancement des opdrations de G9 qui satisfait uniquement les 

contraintes de pr&&lcnce intra-iteration et les contraintes de ressources. Le cri- 

tkre d'optimisation est la latence de I'ordonnancent. A ce niveau, on peut utiliser 



les algorithmes d'ordomancement existants pour dsoudre Les pmbkmes d'or- 

domancement non cycliques. 

Rappelons que I'ordomancement obtenu est le gabarit d'un ordomancement 

cyclique de G . 
Si la latence obtenue Z i  l'btape @) n'est pas satisfaisante, reprendre l'ktape (a) 

avec G t G.. 

ordonnancemen J 
mu12 
add 

L L i d  

Figure 1.9 Illustration de l'heuristique d'ordonnancement (nous avons omis les dukes 
des arcs). 
16reresyn9(oO) = ( ~ ( 0 ~ )  = ( ~ ( 0 ~ )  =-l ; (p(o , )  = ( ~ ( 0 ~ )  = 0; 
22me resyn. 9 (oo) = (ol) = 9 (0,) = -1 ; (P (02) = (P (o3) = 0; 
3tme resyn. cp (0,) = (P (q) = -1 ; cp (oo) = (P (02) = (P (04) = 0; 

Illustration de l'heuristique. La figure 1.9 montre les trois iterations (une 

resynchronisation suivie d'un ordomancement) effectuks avant l'obtention du gabarit 

de taille minimale. L'ordonnancement cyclique de Mquence maximale dkriv6 B partir 

du gabarit de taille minimale est celui de la figure 1.8.c. 



1.6. Le probl&me d'allocation de resources dam les ordomancements 
cycliques 

Dam la synthhse de haut-niveau, les dew tiches qui viennent apr& ~'ordonnancement 

soot I'allocation des unites fonctionnelles aux opirations et I'aIlocation des registres aux 

variables. Ces deux aches sont discutks dans cette section. 

I.6. I .  Allocation des unitks fmctionnelles 

L'allocation des unit& fonctiomelles consiste B assigner chaque operation I'unid 

fonctionnek qui doit I'exbcuter. Pour un meme ordonnancement, il peut exister plusieurs 

solutions d'allocation qui utilisent le mgme nombre d'unitgs fonctionnelles. Nous 

presentons dam ce qui suit certaines categories d'allocation simples r6aiiser 

mat6riellement. 

Notons par U = { CJo, (I,, . . . , Urn - ) l'ensemble des unit6s fonctionnelIes 

disponibles, et par r: 0 x N* 4 U la fonction d'allocation qui assigne chaque 

op6ration ( o ,  n) une unit6 fonctiomelle. 

Une allocation r est de type permutation, s'il existe une permutation p: U + U telle 

que: 

L'allocation r  est completement dCfinie par la permutation p et les valeurs initiales de 

r ( o ,  l),Voi. Par consequent, pour daliser materiellement r il suffit de mkmoriser la 

permutation p et l'ensemble { r ( o ,  1) ). 

Exemple: La figure 1.10 montre un ordonnancement p6iodique qui utilise trois res- 
sources et me allocation de type permutation. L'allocation est definie par: 

p (U*) = u, * p (U*) = q,' P c q  = u2 
r(oo, 1) = r (og ,  1) = UI, T ( O , ,  1) = r(02, 1) = U2, r(04,  1) = UO 



ressources I 

i I I I I * 
0 temps 

Figure 1.10 Un ordonnancement pgriodique avec une allocation de type permutation. 

Voici trois permutations particulikres: 

- La pennutation identite': 

Les allocations d6fhes par la permutation identit6 sont simples ii r6aliser car la 

mEme unit6 fonctionnelle est allouee toutes Ies instances d'une operation g&nix-i- 

que. Par contre, elles limitent la frequence d'exkution des iterations. 

-La pennutation circulaire: 

Vuic U o ~ ( U i )  = u( i+ l )modm 

oh rn est le nornbre d'unites fonctionnelles. Hanen et al. w 9 5 ]  ont montre que 

les allocations definies par une permutation circulaire sont dominantes dans les or- 

domancements pdriodiques 21 opCrations non dentrantes. En d'autres termes il exis- 

te toujours un ordonnancement pkiodique de fh5quence maximale avec une 

allocation de ressources circulaire. Notons que dans ce type d'allocation on suppose 

que toutes les unit& fonctionnelles sont homog5nes. 

- Lo permutation cyclo-statique [SCH85]: 



ob d est une constante positive, appelee facteur de deplacement des ressources. 

permutation circulaire est un cas particulier de la permutation cyclo-statique. 

Comme direction de recherche, il serait intiressant d'btudier le problkme 

d'ordomancement cyclique sous des contraintes relatives au mode d'allocation des unites 

fonctiomelles aux op&rations en plus des contraintes sur le nombre d'unitbs disponibles. 

1.6.2. Allocution ties regiitres aux vvaribles 

Exemple: Le graphe de la figure 1.1 l .a contient 4 variables intermt diaires. Les du- 

de s  de vie de ces variables obtenues apr& l'ordomancernent des operations sont re- 

presentkes par des segments dam la figure 1.1 1.c. A titre d'exemple, la variable vz 

est modifiee par l'opkration <02, 1> ii l'instant 5,  et elle est utilisee une iteration plus 

tard par l'op6ration co3,Z> dont I'ex6cution se termine 2 l'instant 10. Remarquons 

qu'il y a toujours deux occurrences de la variable v2 qui sont en vie en m h e  temps, 

ce qui nkessite au moins deux registres pour les sauvegarder. Le nombre total de 

registres nkcessaires est 4. 

Etant donds un graphe de prictdence et son ordonnancement, le probkme 

d'allocation des registres consiste & trouver une assignation des variables aux registres qui 

minimise le nombre total de registres. Ce probleme est W-complet PEM941; il est 

polynarnial dam les ordomancements non-cycliques. Des heuristiques d'docation sont 

domees dans m N 9 2 ,  RAU92, AL094J. 

Le nombre de registres peut &re aussi donne cornme une contrainte et le probltme 

serait de trouver un ordomancement de Wuence maximale sous cette contrainte. Peu de 

travaux m 9 0 ]  ont trait6 ce probkme. 



I I I 1 I * * 
0 2 4 '6 '8 '10 temps 

Figure I.11 Un exemple d'allocation des registres aux variables. (a) Les variables du 
graphe de precPdence (b) Un ordonnancement (c) Durge de vie des variables et 
allocation des reg istres. 



Table 1.1: Complexit6 des probl5mes lies aux ordomancements cycliques 

Circuits dans Rkfkr. (algorith- 
Pro bl&mes Contraintes de le Complexit6 mes exacts ou ressou~ces graphe de heuristiques) 

prMdence 

Calcul de la M- xt 1 Polynomiale [KAR78, 
quence critique ZAK89, GER921 

Maximisation 
de la Wuence 
CPX) 

1 1 NP-complet [SU87, LAM88, 
lwu89, G0090, 
H.90, AIK9 1, 
GAS92, CiIA93bI 

Maximisation I 0 Polynomiale @dUN9 11 
de la frquence 

Maximisation 0 
de la Wuence 

1 Polynomiale [SCH89,ZAK89, 
WA90, PAR91, 
DON92, 
CH.A93a, EN941 

Minimisation 1 X NP-complet [fAR88, 
de la latence GR092, HWA9 1, 
pour une M- WAN93, LEE941 
quence donnk 

- - - - -- - - - 

Minimisation X 1 NP-complet [HEN92, 
des registtes RAU92, At0941 
pour un ordon- 
nancement 
donne 

t 1= contrainte prhnte,  0 = contrainte absente, X= 0 ou 1. 

1.7. Conclusions et directions de recherche 

Dam cette Ctude nous avons pr6sent6 Ies r6suItats que nous avons considh5s 

pertinents pour les problkmes de I'ordomancement cyclique dam Ie cadre de la synthbse 

de haut-niveau. Le tableau 1.1 dsume la complexit6 de ces probBmes et dome les 

rkfkrences aux methodes existantes pour les dsoudre. Ces dsultats ont kt6 empruntCs aux 

trois domaines oil ce probl&me surgit, B savoir la compilation, la recherche op6rationnelle 

(RO) et la synth&se de haut-niveau (SHIV). Ce dernier domaine posskde ses 



caract6ristiques propres qui le difl6rencient des deux autres. Alors que la compilation 

suppose des processeurs s6quentiels ou ik la rigueur des multiprocesseurs homoghes, la 

SHN va s'inthsser B une granularid plus fine du parall6Iisme. Le domaine de la RO 

foisome de &ultats inthssants mais certaines hypothhes telles que la non-dentrance 

limitent l'utilisation immddiate de ces r&ultats, il serait profitable de &adapter ces 

dsultats au domaine de la SHN. D'autre part, les boucles ne sont qu'un cas particulier des 

structures de contr6le qui peuvent exister dans un traitement iteratif, en effet ce dernier 

peut avoir des 6noncC conditiomels ainsi que des boucles imbriqds. L'accbMration des 

boucles imbriquCs pose un probleme d'ordomancement dit m~ltidimensio~el. Ce 

champ est encore tr8s peu explod wOL91, PAS941. Le probDme d'optimisation des 

connexions est particulier h la SHN et peut &re primordial pour des circuits tels que les 

FPGAs. Le probleme d'allocation de registres pose des dkfis particuliers differents du 

domaine de la compilation, on peut par exemple dgcider d'utiliser des files au lieu de 

banques de registres, ce qui necessite moins de materiel tout en s'adaptant au traiternent 

idratif [BEN96c, -941. L'optimisation de I'interconnexion des differents moduies est 

tds importante. 

Afin que la SHN fasse partie intbgrante du processus de conception de circuits il 

faudra que chacun de ces problbmes soit r6solu de manibre satisfaisante pour le 

concepteur. Etant donne la difficult6 inhkrente B ces probihes. les concepteurs 

recherchent aussi des algorithrnes polyn6rniaux pour calculer des estimateurs qui les 

aiderait dam un processus de conception semi-automatique, o t ~  plusieurs alternatives 

peuvent &re kvalu6es eficacement, ainsi les param6tres suivants sont int6ressants i 

calculer: 

- Bome sugrieure de la fr6quence r6alisable &ant d o ~ e  un ensemble de ressources. 

L'kquation (5) donne d6jA une premitre borne. 

- Borne inferieure de la latence realisable pour une Wquence cible w 9 3 ,  BEN96al. 

- Bome infbrieure sur le nombre de registres ntkessaires au stockage des variables 

&ant donne un ordomancement. 



De tels algorithmes sont tr&s utiles pour (1) explorer rapidement la performance et le 

coDt de plusieurs rdalisations materielles d'une meme application sous differentes 

contraintes de ressources, et (2) pour kvaluer la qualit6 des solutions d'ordonnancement 

et d'allocation obtenues par les m6thodes heuristiques. 

Bien que les probl5mes d'ordo~ancement cyclique et d'allocation des registres 

soient NP-complets, il est utile d'avoir des algorithmes pour les ~soudre  d'une faqon 

optimale. En effet, en pratique ces algorithmes prennent des temps d'execution 

raisomables pour des problbmes de petite taille et peuvent sentir comme Ctalon pour des 

heuris tiques. 



Chapitre 2. 

Mtthode de calcul de la performance maxirnale 
d'un circuit itCratif sous des contraintes de 
ressources 

R4sum6- La perfonname d'un circuit it6ratif est mesurie par trois valeurs: la durke 

du cycle d'horloge, la fikquence et la latence. La fikquence est 6gale au nombre moyen 

dYit6rations exkutees par cycle d'horloge. Plus la Mquence d'un circuit est elevte plus 

sa performance est Clevee. La latence est dgde au nombre de cycles d'horloge nkcessaires 

pour executer une iteration. Dans certaines applications, la latence est un paramktre qu'il 

fau t minimiser. 

Dans ce chapitre, nous pr6sentons des m6thodes algorithmiques pour rEsoudre les deux 

problemes suivants: 

(1) Etant donnds un traitement iteratif et un nombre limite de ressources, dktemriner 

une borne sup5rieure sur la ftdquence n5aIisable. 

(2) Etant domes un traiternent it&atif, un nombre limite de ressources, et une frequen- 

ce cible, determiner une borne inferieure sur la latence rhlisable. 

Les travaux prkddents ont trait6 seulement des cas particuliers de ces deux problkmes: 

le cas oh il n' y a pas des contraintes de ressources, et le cas oh il n' y a pas des dependances 

de donndes entre les itbrations. 

Les m6thodes que nous avons developpt5es se basent sur la technique de relaxation de 

contraintes et ont une complexit6 polynomiale. Nous prouvons que cette complexid est 

minimale dans le cas du problbme (2). Ces methodes ont 6t6 testkes sur des circuits de test 

fkkquemment utilists dans la synthkse de haut-niveau. 

Le reste de ce chapitre est constitue de l'article P E N  96al. 
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Abstract-The performance of pipelined datapath implementations is measured 

basically by three parameters: the clock cycle length, the initiation interval between 

successive iterations (inverse of the throughput) and the iteration time (turn-around time). 

In this paper we present a new method for computing performance bounds of pipelined 

implementations: 

Given an iterative behavior, a set of resource constraints and a target initiation 

interval, we derive a lower bound on the iteration time achievable by any pipelined 

implementation. 

Given an iterative behavior and a set of resource constraints, we derive a lower 
bound on the initiation interval achievable by any pipelined implementation. 

The method has a low complexity and it handles behavioral specifications containing loop 

statements with inter-iteration data dependency and timing constrains. 

2.1. Introduction 

High level synthesis refers to the design process which transforms a behavioral 

specification of a digital system into a register transfer level (RTL) structure. Two 

fundamental steps in high level synthesis are scheduling and allocation. Scheduling 

assigns circuit operations to control steps under resource constraints (e-g. functional units, 

registers and buses) and/or performance consuaint, while allocation assigns operations 

and data transfers to resources to realize the datapath. Synthesis of efficient circuits for 

real-time digital signal processing (DSP) applications is becoming a more challenging 

and crucial task, because most applications require higher sample rates and higher sample 

processing speed. These applications are often recursive or iterative and their behavioral 



descriptions consist of an infinite loop statement. In order to synthesize a high throughput 

circuit, a scheduler should exploit all the potential concurrency between the loop body 

operations. A way to exploit this parallelism is to pipeline (overlap) the execution of 

successive iterations. This technique is called loop folding in the general case, and it is 

called functional pipelining (functional pipelined datapath) when there are no data 

dependencies between different iterations of the algorithm. Figure 2.1 illustrates the 

pipelining approach where a loop instance considered as a task is split into five subtasks 

STi ( i = I, . . ., 5). Each subtask corresponds to a set of operations executed in parallel. 

The performance of a pipelined datapath is measured basically by three indicators 

[PAR88]: the clock cycle length, the initiation interval and the iteration time. The 

initiation interval corresponds to the number of clock cycles separating the initiation of 

successive instances of the loop, it is the inverse of the throughput. The iteration time 

corresponds to the number of clock cycles necessary to execute one instance inside the 

pipeline (turn-around time), it measures the sample processing speed which is usually 

critical. 

Instances 

t Iteration time = 5 

Instance 

Instance 

1 t t t I I I I r I I 

:giY I 1 I I I I I 1 I b 
Time 

Figure 2.1 Space-time diagram of the pipelined schedule 

The problem of determining the optimum initiation interval and the problem 

determining the optimum iteration time for a given initiation interval are both NP- 

complete [GR092] when there are resource constraints and inter-iteration data 

dependencies. The main objective of pipelined scheduling heuristics developed in the 

literature [HWA93, G0090, WAN 931 is to find schedules with low initiation interval 



and low iteration time. 

In this paper we address the two following lower-bound problems: 

Problem 1: Given a cyclic precedence graph representing a loop statement, a set of 

resource constraints and a target initiation interval, we derive a lower bound on the 

iteration time achievable by any pipelined implementation. . 
Problem 2: Given a cyclic precedence graph and a set of resource constraints, we 

derive a lower bound on the initiation interval achievable by any pipelined 

implementation. 

23. Motivations and previous works 

The motivations for developing performance estimators in high-level synthesis area 

have been discussed extensively in [RAB94, RIM 94, JAI 921. Here we present three main 

motivations related to pipelined designs: 

Speed-up the space solution exploration. To achieve high performance pipelined 

designs, behavioral optimizations and dataflow-based transformations such as common 

subexpression elimination, associativitycommutativity algebraic transformations 

[POT94a, POT94b, SRI94, CHE911, loop unfolding [PAR91, LUC931, and retiming 

&El911 are often necessary. To find the best set of transformations and the best order 

requires the analysis of a large number of solutions. An efficient method to compute exact 

lower-bound performance allows to speed-up this exploration by detecting and removing 

solutions which theoretically cannot achieve the target performance under a given 

resource constraints. 

Evaluation of the quality of a pipelined solution produced by a heuristic. By 

comparing the exact lower-bound performance to the performance of the heuristic 

solution, we get the maximal difference between the heuristic solution and'the optimum 

solution. A small difference indicates the good quality of the heuristic solution. 

Performance improvement of scheduling heuristics. The general framework used by 



resource-constraint pipelined . scheduling heuristics [LEE94. PA.93, GR0921 is 

composed of the following steps: 

1. Fix the initiation interval to its tight lower bound; 

2. For the target initiation interval. fix the iteration time to its tight lower bound; 

3. Find a pipelined schedule with the current initiation internal and iteration time; 

4. lf no feasible schedule found and no time out, then increment the iteration time, 

and go to Step 3. Otherwise, increment the initiation interval, and go to Step 2. 

Step3 is the most time consuming step since it is repeated many times and it is NP- 

complete. The use of tight lower bounds in steps 1 and 2 reduces this time considerably. 

The majority of previous studies related to lower-bound performance estimation are 

restricted to non-pipelined designs [SHA93, RAB94, LAN93, RIM94, CHA941, and only 

few works have dealt with pipelined designs [JAIN92. HU931. Jain er al. [JAIN92] have 

addressed the problem of area-delay prediction in pipelined and non-pipelined designs. 

For pipelined designs, they have presented a simple algorithm to compute a lower bound 

on the product of functional unit requirements with the initiation interval for acyclic data 

flow graphs. Although a lower bound on the product of these two parameters (number of 

functional units and initiation interval) permits to make design space exploration. this 

exploration is still restricted compared to the case where a lower bound on each parameter 

is given separately. Hu et al. [HU93] have presented a method to compute lower bounds 

on the iteration time under resource constraints but it is also restricted to acyclic data flow 

graphs. In [POT94], Potkonjak and Rabaey studied the relation between retiming and 

functional pipelining, and they gave a new polynomial algorithm for determining an 

upper bound on the throughput. However, the algorithm does not take into account the 

resource constraints. Other polynomial algorithms have been proposed [GER92,ZAK89] 

for determining an upper bound on the throughput and computing optimum rate schedules 

but they assume an unlimited number of resources. 

Compared to the above mentioned works, the method presented here differs in both 

the scope and the techniques used. It computes lower bounds on the iteration time and on 

the initiation interval for an iterative behavior under resource constraints. The iterative 



behavior may contain inter-iteration and intra-iteration precedence constraints, and user- 

specified min-max timing constraints between pairs of operations. It may also contain 

bounded nested loops; in such case all inner loops will be totally unfolded. The used 

technique is based on integer programming constraint relaxations; the proof that this 

technique has a minimal complexity is established. The method solves also the dual 

problem: lower bound on the resource requirement to achieve a target iteration time and/ 

or a target initiation interval. In this paper we restrict resource type to functional units. 

Registers and buses can be handled similarly by adding to the data-flow graph a set of 

fictive operations representing data memorizations and data transfers. 

The rest of this paper is organized in the following way. Section 2.3 gives the 

necessary background. Section 2.4 describes the constraint graph model. Section 2.5 

gives the general formulation for the minimum iteration time problem, then a relaxation 

of this problem, and the proof that the relaxed problem can be solved optimally in 

polynomial time by the proposed method. Lower-bound algorithms for the iteration time 

and for the initiation interval are given in Section 2.6 and Section 2.7, respectively. 

Experimental results are presented in Section 2.8. 

2.3. Background 

Cyclic precedence graph (CPG) is a well known model used to capture loop behavior. 

A CPG G = (0, E, H, D) is a node-weighted and edge-weighted directed graph, where 

0 = {o , )  is the set of nodes representing atomic operations, E is the set of edges. An 

edge (oi + oj) corresponds to data precedence relationship between operations oi and 

oj . The integer edge weight H (0, -t oj) means that the data produced by operation oi 

in any iteration k of the loop will be used by operation o, in iteration (k + H (oi + oj) ). 

The value D (0,) i s  the duration of operation oi in clock cycles. Figure 2.2.a shows a 

CPG example, where normal arcs correspond to intra-iteration precedence constmints and 

they have the implicit weight zero, and dashed arcs correspond to inter-iteration 

precedence constraints. This example will be used throughout the paper. 



Figure 2.2 (a) A cyclic precedence graph example. (6) The constraint graph 
corresponding to I1  = 3 ,  and the operation mobility-intervals. 

I 

Instance 0 

Time-s teps Instance 2 

Figure 2.3 A pipelined schedule of the cyclic precedence graph of Figure 2.2.a. 



Defdtion: Let s (o,, k) be the starting execution time of operation oj of the k-th 

iteration of the loop. The schedule s is said to be a pipelined schedule with an initiation 

interval II if it satisfies: 

Yoj E 0,Vk E N (the set of natural numbers). s ( o , ~  k) = s (0,- 0) + k II  (1) 

and V (oi + oj) E E .  s (o,., H (oi -t oj) ) 2 s ( 0 , O )  + D (oi) (2) 

Equation (1) expresses the schedule periodicity, and Equation (2) expresses intra- 

iteration and inter-iteration precedence constraints between operations. The iteration time 

(IT) of the schedule s is defined as: 

I T  = max (s ( 0 ,  0) + D (0,)  ) + 1 
Oi 

(3 

As all iterations have the same schedule, they have the same iteration time. Figure 2.3 

shows a pipelined schedule of the cyclic precedence graph (CPG) of Figure 2.2.a. 

Initial lower bound on the initiation interval: The presence of loops in a CPG, 

called loop carried dependencies (LCD), limits the minimal value of the initiation 

interval. The lower bound value due to LCD, denoted IILDC, is defmed as follows 

[CHR83]: 

IILDC = max oi E ck 

( O i  3 0,) E Ck 

where C,, is a loop in the CPG. 

Resource constraints also limit the minimal value of the initiation interval. This 

minimal value due to resource constraints, denoted IIRc , is given by IPAR881: 

where r is a functional unit type, M, is the available number of functional units of 



type r , and T, is the set of operations in the CPG executed by functional units of type r . 

Theorem 1: The initiation interval ZI of a feasible pipelined schedule must satifi: 

2.4. The Constraint graph 

Both intra-iteration and inter-iteration precedence constraints in a CPG will be 

transformed into timing constraints between operations of the first loop iteration. 

Combining Equations (1) and (2), we obtain: 

Equation (6) expresses timing constraint between operations of the same first loop 

iteration. 

Def~tion: k t  G = (0, E, H, D) be a cyclic precedence graph (CPG). The 

constraint graph CG associated to G is an edge-weighted and directed graph defined 

by CG = (0 u {o,,} , E u E , ,  P) , where 0 and E are the same sets of nodes and 

edges as in G, and o,, is a source node connected to all nodes in 0 by the set of edges 

E,, . The weights of edges O are defined as follows: 

A positive (resp. negative) value of O (oi + oj) means that operation o, of the fmt 

iteration must be scheduled no sooner than 113 (oi -t oj)  ( time-steps after (resp. before) 

operation oi of the fxst iteration. Figure 2.2.b shows the constraint graph corresponding 

to the CPG of Figure 2.2.a for an initiation interval equal to 3. In the rest of the paper, we 

will use the constraint graph model instead of the CPG, and we assume that all multi- 

cyclic operations are broken into multiple uni-cycle operations related by timing 

constraints. 



We denote by the '*as soon as possible" starting time of operation oi in the fust 

iteration. The value of zf corresponds to the longest-path weight in the constraint graph 

from the source node o,, to node oi .  The minimal number of time steps necessary to 

execute any iteration inside the pipeline corresponds to the critical path length in the 

constraint graph, denoted CP , and it is equal to: 

CP = max {zf + D (0,) ) (7) 
I 

We denote by ~f the --as late as possible" starting time of operation oi of the fmt loop 

instance such that the schedule length does not exceed CP . The interval [ ~ f ,  $1 is called 

rnobilio-interval of oi . 

In addition to data precedence constraints, the input circuit specification may contain 

timing constraints between pairs of operations. This second type of constraints can be 

represented directly in constraint graph. 

2.5. ILP formulation of the minimum iteration time problem and its 
relaxation 

In this section, we give first an ILP formulation for the minimum iteration time 

problem: find the minimum value of the iteration time, given a constraint graph, a fixed 

number of functional units and a target initiation interval. Then we construct a relaxation 

of this problem and we prove that the relaxed problem can be solved optimally in 

polynomial time by a greedy algorithm. 

Notations: 

GC = (0 LJ {o,,) , E U E , ,  k) is a constraint graph, 

z; is the earliest starting time of operation oi of the fmt iteration, without 

resource constraints, 

rf is the latest starting time of operation oi of the fmt iteration. without resource 

constraints, 

M = { 1,2, .. ., m} is the set of types of functional units, 



M, is the number of functional units of typc r ,  

T, c 0 is the set of operations to be executed by functional units of type r ,  

CP is the critical path length in the constraint graph, 

I2 is the initiation interval, 

IT is the iteration time, 

z is the additional number of time steps necessary to execute any loop iteration 

inside the pipeline; z = IT - CP . 

2.5.1. ILP fornulation of the minimum iteration time problem (P) 

The system P formulates this NP-complete problem. A similar formulation is given 

in [HWA91]. 

Minimize z subject to: 
IT- 1 

C xi , ,  = 1 
r = O  

L ( I T - e -  I )  / I I J  

T ~ < C P + Z  

IT- 1 

where .ri = txi , ,  
C t = O  

xi, is a binary variable equal to 1 if operation oi of the fmt iteration is scheduled in 

control step t, zero otherwise. The objective function (8) states that we minimize the 

iteration time IT = CP + z of the schedule. Constraint (9) states that each operation oi 

should be scheduled. Constraint (10) expresses the resource constraints: due to the 

pipelining, operations in control steps e + k -  11, for k = 0, 1,2, ... , are executed 

simultaneously and cannot share the same functional units (see Figure 2.4.a). Constraint 

(1 1) expresses the timing constraints between operations. Constraint (12) states that all 

operations must be scheduled before control-step (CP + 2). 



conflicts 

stage I stage 2 stage 3 

Figure 2.4 Two equivalent views of a pipelined schedule: (a) Single-iteration view, (b) 
Execution-window view. 

2.5.2. The minimum iteration time relared problem 

2.5.2.1. nte relaxed problem ( Pk ) 
The relaxation consists of replacing constraint (1  1) by a less strong constraint. This 

constraint is formalized by Equation (13). It defmes the control-steps where operations 

must be scheduled: due to timing constraints between operations, an operation oi cannot 

start before ~f and must start no later than T: + z . The relaxation problem is: 

(Minimize z subject to: 
I IT- l 

T ~ < C P + Z  

IT- l 
where ri = txi,, 

t = o  



2.5.2.2. Formulation of the relaxation problem based on execution-window 's properties 
(PR) 

The execution-window of a pipelined schedule is the repetitive pattern of the same size 

as the initiation interval that appears after a certain number of scheduling steps. In this 

section we give a second formulation of the relaxation problem ~k based on the 

execution-window' properties. 

The execution window starting at control step number ( ( r 1 ~ / 1 1 1 -  1) II)  is called 

the first execution-window (see Figure 2.3). A feasible pipelined schedule should satisfy 

the following three necessary conditions: 

C1. Each operation oi occurs one and only one time inside the first execution window. 

CZ. If an operation oi of the fust iteration is scheduled into control-step Ti,  then there 

is one occurrence of oi scheduled into control-step (z i  mod ZI) relatively to the 

beginning of the first execution window (see Figure 2.4). More generally, if oi of 

the fust iteration is scheduled inside the control-step interval [?is, 7: + Z ]  , for any 

positive integer z, then there is one occurrence of oi scheduled, relatively to the 

beginning of the fust window, inside the domain DOi ( 2 )  defmed by: 

[rf mod 12, rf mod 11 + (7: + z - ~ f )  ] 
DO,-(z) = 

if (7; mod I I + T ~ + z - ' F ~ )  5 11- 1 

[~ fmod  II, II - 1 ]  u [0, (71 + Z )  mod II] , otherwise 

The values DO, (0) for the illustrative example are given in Table 2.1 and 

represented in Figure 2.5.a. 

C3. Resource constraints must be satisfied for every control step in the fust execution 

window. 





2.5.3. Transformation of PR to PRU(S) 

In the system PR the initial scheduling domains {DOi  (0) } of operations could be 

the union of two disjoint intervals (Equation 14). The god of the proposed transformation 

is to construct a new scheduling problem PRU(S) equivalent to PR where the scheduling 

domains of operations are single intervals. 

P R U O  is obtained by generating for each operation oi E 0 a number S of operations 

Oi, j *  j = 0, 1, . . ., S - 1 , and associating to oi, an initial single interval domain 

[.stj, r[,] defmed by: 

[rf rnodZZ,~frnodN+ ( ~ f - ~ f ) ] ,  if (7:-~f)sI1-1  
i ,  T = { (20) 

[ ~ f  mod II, ~f mod 11 + II - 11 , otherwise 

Figure 2.5 illustrates this unfolding like-transformation. 

Fit execution window 

Figure 2.5 (a) Representation of rhe initial operation domains DOi (0 )  , 
(b) Tran@omtion of the scheduling problem represented in (a). 



Let 0, = {oi,, / 0 E 0 j = 0 1 . , S - 1 .  The ILP formulation for the 

parametrized system PRU(S) is: 

PRU ( S )  

* .  . Mumwe t subject to: 

where, 

yi, j , ,  equals 1 if operation oi, is scheduled in control-step t ,  zero otherwise. For a 

fixed value of S, the system PRU(S) formulates the following scheduling problem: given 

a set of functional units {M, }, a set of operations Os = {oi, j ]  defined by their initial 

scheduling domains ( [T: ,. r[ j ]  }, what is the minimal number of additional time-steps 

necessary to schedule all operations without resource conflict? It was proven in m 9 4 ]  

that this type of problems can be solved optimally in polynomial time by a greedy 

algorithm. This algorithm is given in appendix A. 

Theorem 2: For a m e d  value of S, the system PR U ( S )  can be solved optimally in 

polynomial time. 

The next theorem states that the systems PRU (2) and PR U (S )  VS 2 2 have the 

same optimum value of their objective function, and thus it is sufficient to solve PR U (2). 

Theorem 3: QS 2 2, PRU (S )  @ PR U (2) 

Proof: given in appendix B. 

The following expression recapitulates the set of ILP transformations done in this 

section: 

P =  F R ~  P R o  P R U ( 2 )  



where P f?!? means that fk is a relaxation of P, and FR o PR means that both 

systems are equivalent. 

2.6. Lower bound on the iteration time algorithm 

In this section we present the basic algorithm to compute lower bounds on the iteration 

time under resource constraints. This algorithm is based on the results of Theorems 2 and 

3. We show then how the same algorithm is used to compute tight operafion mobility- 

intervals. 

2.6.1. Basic algorithm 

Given a constraint graph CG, a target initiation interval I ? ,  and a set of functional 

units M r .  the algorithm given in Figure 2.6 computes a lower bound on the iteration time 

using three steps: steps 1 and 2 construct the system PRlJ (2) . and step 3 solves it 

optimally . 

Example: We illustrate the ITITLowerBound algorithm on the graph of Figure 2.2.b 

under the constraint of one multiplier, one subtracter and four adders. This graph has 

a critical path length CP equal to 8. The sets ( [T: $ 1 ,  { [T[ 0, T: 0] } and 

{ [T: ,T: ] ) are given in Table 2.2. Sorting the operations by the increasing values 

of j ,  we obtain: 

As there is only one multiplier unit, it is not possible to schedule operations 0% o ,  oz 

and oo, , inside their respective initial domains [2,2], [2,3] and [3,3]  , unless the 

critical path length is increased by one time-step. Similar resource conflicts occur 

between the multiplications o6, o ,  09, 0 ,  06, and & , which have as initial domains 

[ 1, 1 1, [ I ,  1 1, [4,4] and [ 4  41, respectively. Thus, a lower bound on the iteration time 

willbe CP+1 = 9 .  



Algorithm: IT-LowerBound 

input: constraint graph CG, target initiation interval ZI, set of resources {M,), 
output: lower bound of the iteration time (G) 

begin 
step 1: Break multi-cycle operations into uni-cycle operations; 

Compute the mobility [sf, si] of each operation oi in CG using Bellman-Ford 
algorithm; 

CP = M a x ( ~ f + l ) ;  

Step 2: for each operation oi do 

Create two operations oiP and oi, I 

for j  = 0, 1 do 

'St = rf mod I I + j . I I ;  

~ f m o d I I + ( r , ! - . r f ) + j . I I  if ( 7 f - ~ f ) < I I - l  
* = { 

7f mod ZZ + ( I I  - 1) + j - IZ otherwise 

end for 
end for 

step 3: Sort the set ( o r  j )  by the increasing values of T: ; 

resource; 
z = r n a x ( ~ ~ , ~ - $ ~ )  ; 

end 

Figure 2.6 Algorithm tofind a lowerboundofthe iteration time. 



Table 2.2: Intermediate results of the IT-LowerBound algorithm 

Algorithm complexity: Operation mobility-intervals are computed using Bellman- 

Ford algorithm [COR90] in 0 ( lO([a)  , where 0 and E are the set of nodes and the set of 

arcs in the constraint graph, respectively. As an operation has in average two input arcs, 

the complexity of BellmawFord algorithm is in 0 (1012). The sorting and the greedy 

scheduling of 2 101 operations can be done in 0 ( 1  0 1 ') . Thus, the algorithm complexity 
2 is 0 (101 ) . Notice that this complexity is minimal since computing the earliest starting 

2 
times in a cyclic graph is in 0 (101 ) . 

2.6.2. Operation mobility-intervals under pipelining and resource 
consfrgints 

An important property of the IT-LowerBowtd algorithm (Figure 2.6) is that: the more 

accurate are the operation mobility-intervals { [T;, i ~ , ! ]  }, the tighter lower bound is 

retuned. This section presents a method to compute more accurate operation mobility- 

intervals. The method is based on the technique introduced initially in [LAN931 for 

computing lower-bound performance of non-pipelined schedules in acyclic data flow 

graphs. 



To obtain tight operation mobility-intervals, three types of constraints are considered 
rc s rc 

simultaneously: timing constraints, resource constraints and pipelining. Let [ zi , ri7 

denote the mobility-intervai of oi under the three previous constraints. Let CG be a 
0 i 

subgraph of the constraint graph CG containing operation oi and aII operations oj in CG 

such that there exists at least one path in CG fiom oj to oi having only pcsitive edges 
rc s 

(see Figure 2.7.a). Tight value of T~ is obtained by performing the fl-LowerBomd 

algorithm on CG : as operation oi is always the latest operation executed among 
*i  

operations in CGoi, a lower bound on the iteration time of CGoi constitutes an earliest 

starting time of oi . 
rc S 

The order of computing { ri ) is important, because it influences their fmd values. 
rc s rc s An efficient order consists of computing ri only after computing all T~ such that 

By inverting the direction of edges in CG, the same technique allows to 
rc I 

compute { .si ). Figure 2.7.b shows the accuracy improvement of mobility-intervals for 

the illustrative example. Notice that the lower bound on the iteration of the whole graph 

is also improved from 9 to 10. The use of tight operation mobility-intervals reduces 

automatically the running time of both exact and heuristic schedulers. 

rc s 
2, = 5  

= lower-bound on the iteration 
time of this subgraph 

Figure 2.7 (a) Subgraph CGO6. (b) Operation mobility-intervals under pipelining and 
resource constraints (4 9, 1 S, I -). 



The algorithm to compute tight earliest starting times of operations is given in Figure 
3 

2.8. Its complexity is 0 (101 ) , since for each subgraph CGoi we perform the 

IT-LowerBound algorithm which is in 0 ( 1 0 1 ~ ) .  The same algorithm can be used for 

compute tight lateast starting times of operations by reversing the direction of arcs in the 

constraint graph. 

2.7. Lower bound on the initiation interval algorithm 

The description of the algorithm to find a lower bound on the initiation interval is 

given in Figure 2.9. Starting from the minimal value given by Theorem 1, the initiation 

interval will be increased iteratively as long as the current value induces timing-constraint 

inconsistencies in the constraint graph CG. For a target initiation interval. timing- 

constraint consistencies are checked as follows: for each arc (oi  + 0,) in CG having a 

negative weight ( O  (oi -+ 0,) < 0), we compute a lower bound on the number of control 

steps separating operation oi from o, in any feasible pipelined schedule. This lower 

bound is obtained by performing the IT-hwerBound algorithm on a specific subgraph 

C G ~ ,  -+ of GC . The subgraph CG,, , i contains operations oi , oj and all operations 

o, such that o, belongs to at least one path from o, to oi in CG having only positive 

weights assigned to edges. If the obtained lower bound is greater than 16 (oi + 0,) I , then 

the current initiation interval is not feasible and it is increased, otherwise this lower bound 

will be the new weight of the edge (oj + oi) . 
2 

Each pass of the algorithm has a complexity of O(m 101 ) , where rn is the number of 

negative arcs in the constraint graph. 



Algorithm: Minimum-starting-time 

Input: constraint graph CG, initiation interval 12, set of resources {M,} 

rc s 
Output: earliest starting times { T~ } of operations in CG 

begin 
Step 1 : for each operation oi in CG do 

rc s- 
zi - earliest starting time of oi by resolving the longest-path problem: 

end for 
step 2: for each operation oi such that i? (oi -+ 0,) < 0, V (oi -+ oj)  do 

rc s- % - starting-time-constraints ( oi ); 

end for 
end 

-- - - 

Function: Sta rting-time-constrain ts( o ) 

begin 
rc s 

Step 2-0: if this function has already been executed on operation oi then retum ri : 
else 

Step 2-1 : for each operation oj such that * (o j  -+ oi)  > 0 do 
rc s - 

7j - staTting-time-constrain ts ( oj ) ; 

rc s 
D (osr + oj) = zj ; /* update arcs' weights in CG */ 

end for 
rc 5 

Step 2-2: Recompute the earliest starting time zk of all nodes in CG by resol 

longest-path problem in CG; 
rc s . 

fiirosr+oOt) = 7& , 

step 2-3: Return (IT-LowerBound ( CG,. f , II, { M,})); 

end if 
end 

Figure 2.8 Algorithm to compute earliest starting times of operations under pipelining, 
timing and resource constraints. 



Algorithm: II-LowerBound 
input: constraint graph CG, set of resources {M,} 
output: lower bound on the initiation interval ([Iu) 

begin 

IILB = Max { IIRC IILDC}  ; 

while there are timing-constraint inconsistencies do 

for each subgraph CGoi , oj of tbe set SG do 

IT = IT-bwerBound ( CG, , o j .  I ILB,  {MI) ); 
I 

if I T  > 1% (oi + oj) 1 then I* timing constraint inconsistency*/ 

[IL* = IIL* + 1 ; 

else 
$ ( o j + o i )  = I T ;  

end for 

end while 
end 

Figure 2.9 Algorithm t o w  a Lower bound on the initiation intend. 



2.8. Experimental results 

We tested the estimation method on different high-level synthesis benchmarks. For 

each becchmark, lower bounds were computed and compared to realizable solutions 

obtained by the pipelined scheduling systems ThedalFoId LEE941 and PLS W A 9 3 1 .  

These realizable solutions are considered as upper bounds. Algoriihms are implemented 

in the C language and run on a SPARC 10 station. Experimental results are shown in 

Tables 2.3 to 2.8, where the field RC indicates the number of resources, IIUB and ITus are. 

respectively, the upper bounds on the iteration time and the upper bound on the initiation 

interval published in LEE94, HWA931, I b  and ITLB are the computed lower bounds. 

Unless it is specified, we assume that multipliers take two clockcycles while adders and 

subtracters take one clockcycle. (#) denotes multipliers with two stages pipelining. 

The Fifth-order digitalfilter [KUN85]: this benchmark contains 26 additions and 8 

multiplications, it has a large number of intra-iteration and inter-iteration precedence 

constraints and many loops carried dependencies (LCDs). The minimal initiation interval 

due to LCDs is equal to 16. Table 2.3 shows the experimental results for this benchmark. 

The second-order W filter (Table 2.4): its cyclic precedence graph is shown in Figure 

2.10. 

The third-order W filter [.EN941 (Table 2.5): it contains 6 additions, 2 

multiplications and 3 LCDs. The minimal initiation interval due to LCDs is equal to 3. 

The 16-tap FlRfiNer [PAR881 (Table 2.6): it contains 15 additions. 8 multiplications 

and only intra-iteration data dependencies. We assume that an addition has a duration of 

40ns, a multiplication has a duration of 80ns, the clock cycle length is equal to 100ns. and 

operation chaining are permitted. 

The Fact Discrete Cosine Transformation (Table 2.7): This benchmark is relatively 

large, it contains 13 additions, 1 3 subtractions and 16 multiplications. The algorithmic 

description of this benchmark is a straight-line code, not a loop statement. But we can 

consider it as a loop statement if we assume that the algorithm is to be performed on many 



sets of data. 

The Fifth-order Digital Wave Filter with no LCDs (Table 2.8): It is the same 

benchmark as the first one where all the inter-iteration precedence constraints are 

removed. 

Figure 2.10 The second-order IIR filrer: 

Table 2.3: Fifth order digital wave filter 



Table 2.4: Second-order IIR filter 

Table 2.5: Third-order IIR filter 

Table 2.6: 16-point FIR filter 



Table 2.7: Fast discrete cosine transformation 

Table 2.8: Fifth order digital wave filter with no LCD's 

The last column in Tables 2.3 to 2.8 shows that the lower bounds on the iteration time 

(IT') obtained are close to the upper-bounds (ITuB): the wont results are within two 

times-steps from the upper bounds. The running time of the algorithm is less than 0.08 

seconds for a l l  benchmarks. These results illustrate that the relaxation done on the 

minimum iteration time problem which is NP-complete is efficient: it does not induce a 



large accuracy lost, while using a polynomial execution time. For the initiation intervals, 

the obtained lower bounds (IILB) are equal to the upper bounds (IIUB) except for two 

experimental cases shown in bold in table 2.3. 

During the scheduling of a data-flow graph, lower bounds constitute good measures 

to evaluate the performance quality of a solution and to decide when to stop the research 

of new solutions. If the difference between the performance of the current solution and 

the lower bound is equal to zero then the solution is optimum. Otherwise, this difference 

indicates tbe maximal performance improvement that could be achieved by continuing 

the research (or the maximal performance loss by choosing such solution). For the above 

benchmarks. 58% of the scheduling solutions obtained by the heuristics LEE94, 

HWA931 are optimum, 37% are at most one control step from the optimum, and 5 %  are 

at most two control steps from the optimum. 

2.9. Conclusions 

Fast algorithms for performance estimation allow to make efficient design space 

exploration and to improve the quality and the performance of pipelined scheduling 

heuristics. In this paper, we have presented a new method for computing lower bounds on 

the iteration time and on the initiation interval of pipelined datapath implementations 

under functional unit constraints. The method handles behavioral description containing 

loop statements and timing constraints. It can handle implementations with operation 

chaining, multicycle operations, and pipelined functional units. Based on an efficient 

relaxation of the general pipelined scheduling problem, we have developed lower-bound 

algorithms with complexities of (0 (101~) and O(m 101 2,  ). The dual probIern of 

computing lower bound on the resource requirement to achieve a target performance can 

be solved using the same method. Applications of our approach are not limited to the area 

of high-level synthesis, it can be used in different areas of computer design where 

functional pipelining and loop folding are used. 
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Algorithm: Greedy-scheduling 

Input: instance of the system PRU (S) with a futed value of S, set of resources 

output: optimal value of the objective function z of PR U (S) 

begin 

Sort operations oi, by the increasing values of r:, ; 

Assign each operation oi, , to the first step T ~ ,  , after which contains a free 

resource; 

z = max ( T ~  j -  T!, j )  ; 

end 



Appendix B 

The following proposition is used in the proof of Theorem 3. 

Proposition 1 

(a) For any value of z in PRU(S), the maximal number of operations oi, of a type r 

such that all the values of <. belong to a same integer interval of size I1 , is less or equal 

to ITJ, where  IT^ is by definition the number of operations oi, of type r in PRU(S). 

@) If there exist two operations oi and ok I in the system PRU(S) such that the 

corresponding values ri and t; I belong to a same integer interval of size 11. then 

11-jl s 1 .  

(a) By Equations (27) and (3 1) we have: 

From (32) and (33) we deduce: 

Thus, for any integer interval of size I1 , it is not possible to have two operations oi, - 
and o i  such that both values c. and ri, belong to this interval. As by definition the 

number of operations oi , of the same type r and for a fixed index j is equal to  IT^ , then - 
the number of operations oi having .ti*, included in the same interval of size I1 is less 

or equal to I TJ . 
(b) From Equation (30) we have: 



a ' t j + 2  -7s t,, . >ZI (34) 

From (34) we deduce that if there exist two operations oLj and ok such that 

7i i  and T;, belong to a same interval of size I?, then (1 - jl I 1 . 0 

The proof is by contradiction. Suppose that the optimum value of the objective 

function of PRU (2) is equal to z , ,  and that zo is also an optimum solution of 

PR U (n) for n 2 2 but not for P R  U (n + 1 ). This implies that if we fix z to zo in the 

constraint (27) of the system PRU (S = n + 1) , and we use the greedy algorithm (given 

in appendix A) to schedule operations oi, under resource constraints, then no feasible 

solution can be found. We will prove that such case cannot happen. 

Let be o ,  , the first operation which can not be scheduled before its latest starting - 
time T:, , due to the lack of resources, and let r the type of o, h .  Depending on the - - 
number of resources already used between the control steps ($* - I1 + 1 ) and 76 ,, , we 

distinguish two cases. 
- - 

Case 1 In every control step of the interval [T:, - I1 + 1,$, ,] all the M, resources 

are used. Since by Theorem 1. the value of N must satisfy M, - 11 2 ITA, we deduce that 

there are at least JTJ operations already scheduled in this interval. Thus, there are at least 

17'4 + 1 operations o4 j ,  including the operation og, h ,  such that their values % belong - - 
to the interval [T:, - I1 + 1, T:, ,] . This is in contradiction with Proposition l.(a) 

- - 
Case 2 There is at least one control step p in [zi7 - II + 1 , ~ ;  ,] which contains free 

resources. As we use the greedy scheduling technique, a l l  operations scheduled after the 



control step p have the values of r; strictly greater than p . Let A be the set of operations 

'i, j already scheduled inside the interval [JI + I, iz] . Since it was not possible to - 
schedule operation og, before the control step T;, , it implies that the following system 

SS does not admit a solution: 

where ri, , , t[ and the set of constraints have the same meaning as in the system PRUrS). 
- 

As the size of the interval [ p  + 1,7:, h ]  is less than II  , from Proposition 1 .(b) we deduce 

that for any pair of operations (oi,,., ok which belong to the set A u {og, h )  we have 

11 - jl 5 1 . By substituting in the system SS the smaller index j by 0 and the index j + 1 

by 1 ,  we obtain an equivalent system which is completely included in the system 

PRU (2). This is in contradiction with the hypothesis that PRU (2) has a solution. 0 



Chapitre 3. 

Mtthode d' analy se statique pour estirner la 
performance d'un programme sur une machine 

RLsurnP- Ce chapitre prisente une mkthode pour dkterminer les temps d'exkution 

extrEmes (temps minimal et temps maximal) d'un programme sur une architecture don- 

nee. Le programme est un code ordinaire representant le comportement d'un circuit. L'ar- 

chitecture est caract6ris6e par I' interconnexion d' un ensemble d' unit& fonctionnelles 

(e.g., additionneurs, multiplicateurs) et d'un ensemble d'unites de stockage (RAM, ban- 

ques de registres). C'est une architecture param&trable de type VLIW (very large instruc- 

tion word). 

Cette mkthode a deux avantages principaux par rapport aux methodes precddentes: 

( I )  C'est une mdthode statique qui se base sur I'analyse de la structure du programme 

et non sur des simulations dynamiques du programme. Les rnethodes baskes sur la simu- 

lation sont lentes et leurs resuItats sont sensibles aux donnees avec lesquelles le program- 

me a kt6 simul6. 

(2) La methode est applicable 2 des programmes qui contiement aussi bien des instruc- 

tions de traitement que des instructions de contr6le. Par contre, les mdthodes statiques 

prbcbdentes sont restreintes ii des programmes qui ne coatiennent que des instructions de 

traitement. 

Le reste de ce chapitre est constitd d'une version Ctendue de I'article PEN96bl. 
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Abstruct- This paper presents a method for estimating the extreme case bounds (upper- 
bound and lower-bound) on the running time of a source program on a target hardware 

architecture. The source program may be any block of code containing data processing 

and control statements. The target architecture is specified by a set of functional units, a 

set of storage units and an interconnection network. 

3.1. introduction 

Hardware/Software (HWSW) co-synthesis [CAM961 refers to the design approach 

which mixes hardware and software implementations of complex numerical systems in 

order to reduce the design cost while satisfying the perfonnance requirements. A 

hardware implementation has better perfonnance, whereas a software implementation has 

lower cost and allows later modifications. Figure 3.1 shows the general process of HWI 

SW co-synthesis. One of the key task in this process is the partitioning of the origind 

system description into hardware and software modules. Hardware modules will be 

implemented as a dedicated hardware, while software modules will be implemented as 

programs running on predesigned general-purpose processor. The decision to map 

functionalities into software or hardware parts is based on estimates of achievable 

performance and the implementation cost of the respective parts. An automatic tool to 

estimate the performances of hardware and software implementations (tasks A and B in 

Figure 3.1) enables the designer to quickly evaluate different design alternatives. 
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This paper presents a method for estimating the upper-bound and the lower-bound on 

the performance of a control-data flow graph (CDFG) on a target hardware architecture. 

The target architecture is defrned by a set of functional units (e.g., ALUs, multipliers), a 

set of storage units (RAMS, register-files), and an intercomection network. tLg and tos 
are extreme case bounds on the performance of a CDFG, if for any input data the running 

time of the program belongs to [tLB, tUB]. Tight values of tm and tuB not only give a good 

estimation of the achievable performance but they also permit to check if performance 

requirements can be satisfied by a target architecture. Let t,, denotes the maximal 

allowed delay of a CDFG. If t,, 2 tUB , it mais that for any input data the performance 

constraint will be satisfied. If t,, < tLB , it means that the performance constraint cannot 

be met by the target architecture. 

Several algorithms have been proposed in the literature [SHA93, LAN93, CHA94, 

RIM 941 for determining lower-bound and upper-bound on the performance of a given 

specification under resource constraints. However these algorithms are limited to data 

flow graphs without control statements, which is very restrictive. 

The rest of this paper is organized as follows. Section 3.2 describes the estimation 

model used, and Section 3.3 presents the estimation method. Experimental results are 

given in Section 3.4. 

3.2. Model of Estimation 

There are two possible ways to estimate the extreme case bounds on the performance 

of a program on a target architecture: dynamic simulation and static estimation. Dynamic 

simulations consist of simulating the program execution with different input data, 

whereas static estimations are based on the analysis of the program structure. Static 

estimations are faster than dynamic simulations and insensitive to input data. The 

estimation approach presented in this work is static. 
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Figure 3.2 An instance of the parametrized bus-based architecture. 

3.2.1. The hardware architecture model 

Development of an estimation technique requires the definition of the target 

architecture model. In this work, we use a parametrized bus-based architecture as target 

model. Figure 3.2 shows an instance of the parametrized bus architecture. The parameters 

defines: 

-the number of functional units of each type, their speed and their pipeline-stage 

number; 

- the number of memory ports; 

- the number of register-file ports; 

- the number of buses; 

- and the connections between components. 

The choice of the parametrized bus architecture was influenced by the following 

reasons: 



1) It enables the specification of a wide variety of target architectures, ranging from 

completely sequential to massively parallel architecture; 

2) The bus architecture is frequently used in microprocessor systems; 

3) Most high-level synthesis systems use bus-based architectures. 

3-2.2. The control data-flow graph (CDFG) model 

A CDFG [GAJ92] is a graphical representation of source programs. A CDFG is a 

composed of two type of graphs: the control flow graph (CFG) and the data-flow graph 

(DFG). A CFG is defined by a pair (BB, E), where BB is the set of nodes representing 

basic blocks, and E is the set of edges representing precedence execution order between 

basic blocks. To each basic block bb is associated a DFG (Obb, Abb) , where Obb is the 

set of nodes representing atomic operations such additions and multiplications. and Abb 

is the set of arcs representing precedences between atomic operations. An execution of 

the CDFG consists of a sequential execution of basic blocks. Figure 3.4 shows the CDFG 

of the source code given in Figure 3.3. Feedback edges in the CFG represent loop 

statements. 

We assume that each loop statement has a bounded number of iterations, otherwise 

the worst running time cannot be computed in general; it is well known that if a program 

contains unbounded loop statements then it is not possible to decide if its execution 

terminates. The maximal numbers of loop iterations are annotated in the source code by 

the user. The user can also specify the minimal numbers of loop iterations; default values 

are equal to zero. A false-path is a path in the CFG which is never executed due to 

incompatibility of two or more conditional branching. For example, if the conditions c2 

and q, in Figure 3.4, cannot be true at the same time, then the sequence of basic blocs 

bbdbbPbg is never executed. 



Figure 3.3 A source program example 

Figure 3.4 The CDFG of the program given in Figure 3.3: (a) DFG, (b)  CFG. 



3.3. Extreme case performance bounds 

The proposed technique for determining an upper bound on-the performance of a 

CDFG is composed of two steps: (1) determining an upper bound on the performance of 

each basic block, and (2) deducing an upper-bound for the whole CDFG. 

3.3.1.1. Upper-bound on the perfonnance of a basic block 

The running time of a basic block is equal to the time necessary to execute the 

operations in the corresponding sub-DFG. An Upper-bound on the performance of a basic 

block can be obtained by scheduling the corresponding DFG on the target hardware 

architecture. As we use a paramettized bus-based architecture as a target model, we 

developed a list scheduling algorithm similar to the one in [GAJ94]. 

3.3.1.2. Upper-bound on the pe~onnance of a CDFG 

We define the length of a path in a CFG as the sum of the running times of basic blocks 

forming this path. An upper-bound on the performance of a CFG will be the length of the 

longest path when considering that (1) the running times of basic blocks are equal to their 

upper-bound values, and (2) each loop is executed a maximal number of times. 

One way of determining the length of the longest path in a CFG consists of fust 

completely unfolding all loops and then computing the length of the longest one in the 

unfolded graph. The disadvantage of this method is that size of the unfolded graph will be 

very large if the loop-iteration numbers are high. The method that we use does not require 

loop unfolding. This method is described by the algorithm given in Figure 3.5. 

Following is an illustration of this algorithm with the CFG of Figure 3 -6a. The number 

beside a node is the performance upper-bound of the comsponding basic block, while the 

number beside a feedback edge is the maximal iteration number of the corresponding 

loop. loop2 is the most inner loop, which is executed at most 20 times and each iteration 

takes (7+15+2) cycles. Thus, the running time of this loop will take at most 480 clock- 



cycles. In Figure 3.6.b looh is replaced by a single node with a weight equal to 480. After 

repeating the same process with loop, we obtain the graph of figure 3.6.c. We deduce that 

5002 clockcycles is an upper bound on the performance. 

Notice that tighter upper-bound on the performance of a CDFG can be obtained if 

optimal DFG schedules are computed andlor if onIy CFG feasiblepaths are considered. 

Unfortunately, each of these problems is NP-complete. An integer linear programming 

formulation was presented in [MAL95], where some false-paths of the CFG could be 

avoided during the estimation. 

Input: a CDFG, an upper-bound on the perfonname of each basic block, a maximal 

number of iterations of each loop; 

Output: upper-bound on the performance of the CDFG; 

Begin 

-Associate to each basic block in the CFG a weight equal to its performance upper 

bound; 

Repeat: 

For all inner-most loops Do: 

- Compute the length ( I )  of the longest path in the current loop body; 

- Replace in the CFG the loop by a single node; 

- Associate to this node a weight equal to ( I  * the maximal number of 

iterations of the loop); 

End For 

Until no more loops in the CFG - 
- Compute the length of the longest path in the resultant graph. Return this length as an 

upper bound on the performance of the CDFG; 

End 

Figure 3.5 An algon'thm for determining an upper-bound on the performance of a 
CDFG. 



Figure 3.6 Illustration of the perfomance upper-bound algorithm. 

3.3.2. Lower-bound estimation 

A lower-bound on the running time of a CDFG can be derived from a lower-bound on 

the performance of each basic block and from a minimal number of iterations for each 

loop. The lower-bound will be the length of the shortest path in the CFG when considering 

(1) that the running times of basic blocks are equal to their lower-bound values, and (2) 

that each loop is executed a minimal number of times. 

3.3.2.1. Lower-bound on the pe~orrnance of a basic bloc 

A trivial lower-bound on the performance of a basic block is the critical path delay of 



its data flow graph (DFG) where the weights of nodes are set to operation-durations. 

Tighter lower-bounds can be obtained by taking into account resource constraints. 

Notations. 

Gbb = (Obb, Abb) is the DFG of a basic-block bb. We assume that all multi- 

cyclic operations are broken into multiple uni-cycle operations. 

oi is a node of Gbb , 

ASAPoi is the "as soon as possible" starting execution time of operation oi . 
A M P o i  is the "as late as possible" starting execution time of operation oi , 

CP is the critical path delay of Gbb , 

T,. c 0 is the set of operations to be executed by functional units of type r ,  

M, is the number of functional units of type r available, 

In [RIM94], Rim et al. have proposed an algorithm (Figure 3.7) for determining a 

lower-bound on the schedule length of a basic block under functional unit constraints. The 

computational complexity of this algorithm is 0 (lObbl + CP LB) where LB is the 
2 

returned lower-bound. We have reduced this complexity to O(lObbl + CP ) . Notice that 

LB is always greater or equal to CP and in the worst case it can be equal to lobb[ . The 

new algorithm is described in Figure 3.8. 

The fmt step of this algorithm can be done in 0 (lob,[) by traversing the data-flow 

graph. The second step can also be done in 0 (lObbl) using the bucket son [AHO83], 

since we know that the maximal value of ALA Poi is equal to the critical path delay CP . 
For the third step, we used the following data structure m 9 4 ) .  Each operation oi has a 

pointer to a box containing the earliest time-step where it can be scheduled, which is 

initially equal to ASAP . Operations having the same ASAP values point to the same 
0 i 

box (Figure 3.9). Thus, the maximal number of boxes is equal to CP. Once an operation 

is assigned to a time-step, the value of its box is updated to this time step. As each box 

can be updated at most CP times, the maximal number of updating is at most C P ~ .  

Finally, step 4 is done in 0 (CP) . Thus, the computational complexity of our algorithm 

is 0(1 obbl + c p 2 )  . 



input: DFG of a basic block, set of resources (M,), 
output: lower bound (LB) on the schedule performance, 
begin 
1. Find the ASAPoi and ALA Po values of all operations; 

i 

2. Sort the set (q} in the increasing order of ALAP values; 
0 i 

3. For each operation oi do 

Assign it to the earliest time-step satisfying ASAP value and resource 
" i  

constraints but ignoring precedence constraints. Let SOi this time-step. 

4. LB t max {Soi -ALAP } + CP; 
0 i 0 i 

end 

Figure 3.7 Rim 's algorithm for computing a lower-bound [RIM94]. 

input: DFG of a basic block, set of resources {M,}, 
output: lower bound (LB) on the schedule performance, 
begin 
1. Find the ASAP and A LA Po, values of all operations; 

Oi 

2. Sort the set { o i l  in the increasing order of ALAPoi values; 

3. For each operation oi do 

If it is possible assigned it to the earliest time-step between ASAPoi and ALAP 
0; 

satisfying resource constraints but ignoring precedence constraints. Otherwise 
assigned it to the time-step equals to ALAP , even if resource constraints are not 

* i  

satisfied. 
LB t- 0; 

4. For j = I to CP do 

LB c ma. (LB, + CP) . where nj is the number of operations of a type r 
r 

assigned to time-step j; 
end 
- - .  

Figure 3.8 An improved version of Rim 's algorithm 
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Figure 3.9 A dota structure for assigning operations. 

Input: a CDFG, an lower-bound on the performance of each basic block, a minimal 

number of iterations of each loop; 

Output: lower-bound on the performance of the CDFG; 

Begin 

-Associate to each basic block in the CFG a weight equal to its performance lower- 

bound; 

Repeat: 
For all innermost loops Do: 

- Compute the length ( I )  of the shortest path in the current loop body; 

- Replace in the CFG the loop by a single node; 

- Associate to this node a weight equal to ( I  * the minimal number of 

iterations of the loop); 

End For 

Until no more loops in the CFG 

- Compute the length of the shortest path in the resultant graph. Return this length as 

an lower-bound on the performance of the CDFG; 
End 

Figure 3.10 An algorithm for determining a lower-bod on the p e ~ o m m c e  of a 
CDFG. 



3.3.2.2. Lower-bound on the pe$ormance of a CDFG 

The algorithm for computing the length of the shortest path is similar to the one used 

for computing the length of the longest path, except that for each loop we consider its 

shortest running time- instead of longest running time. This algorithm is described in 

Figure 3.10. 

3.4. Experimental results and conclusions 

In Tables 3.1 and 3.2, we report part of the experimental results obtained with two 

benchmarks: square matrix multiplication and matrix convolution. The fmt and the 

second benchmark contain three and two nested loops, respectively. In both benchmarks, 

nested loops have the same iteration number which is equal to matrix dimension. The 

source codes of these benchmarks were translated in GNU-assembler before analysis. The 

running time of the tool was in the order of seconds. The fust column in Tables 3.1 and 

3.2 indicates the iteration bounds of loops, and the last two column indicate the extreme 

case bounds on the performance under the resource constmints. From Table 3.1, we 

deduce that the performance of the fxst benchmark decreases by using more ALUs and/ 

or register file ports. However, more than 3 ALU and/or 3 register file ports does not 

reduce the worst performance any more. We can deduce also that RAM ports are not 

critical resources. Results in Table 3.2 shows that all resource types are critical, and more 

than 4 ALU and/or 3 memory ports and/or 2 register file ports does not reduce the worst 

performance any more. 

The estimation tool was developed in C++ using the co-synthesis SWCASTLE 

(Codesign and Architecture-driven Synthesis TOOL Environment) database [CAM96]. 

Acknowledgements. This work was partially sponsored by the FCAR (Fonds pour la 

Formation de Chercheurs et 1'Aide la Recherche) from Quebec gouvernement. 



Table 3.1 : Matrix multiplication 

Matrix size 

Perform. 
lower 
bound 
(clock 
cycles) 

1.015 lo6 

# of 
ALU 

Perform. 
upper 
bound 
(clock 
cycles) 

1.283 lo6 

# of 
RAM 
ports 

# of 
regis. 
file 

ports 



Table 3.2: Matrix convolution 

# of RAM # of 
Matrix size # of ALUs RF ports * Ports 

-- - - 

hwer-  
bound 
(clock 
cycles) 

7.941 lo4 

Upper 
Bound 
(clock 
cycles) 

8.21 1 lo4 



Chapitre 4. 

L' Allocation de registres dans la synthkse de haut- 
niveau: nouvelle approche. 

RisurnP-- Cet chapitre traite le problbme d'allocation des registres aux variables dans 

la synthbse de haut-niveau des circuits d6di6s des applications sp6cifiques. Nous pre- 

sentons une nouveile organisation de registres dam le chemin de donnees sous fomes de 

files circulaires. Cette organisation permet de reduke le nombre de registres et le nombre 

de signaux de contr6le dans le circuit. Elle constitue une alternative aux banques de regis- 

tres et une extension des files simples introduites dam [AL094]. 

Le problbme d'allocation de registres que nous traitons est le suivant: Etant donnC un 

ensemble de variables dtfinies par leu durees de vie, trouver une assignation des varia- 

bles aux fdes circulaires qui minimise le nombre de files et le nombre de registres dam 

ces files. 

Ce problkrne a 6t6 modklis6 et r6solu efficacernent en utilisant le paradigme de la pro- 

grammation 5 contrain tes logiques et & arithdtique des intervalles . 

Le reste de ce  chapitre est constitud d'une version &endue de I'article PEN96cJ. 



Register Allocation Using Circular FIFOs 

Imed Eddine Bennour et El Mostapha Aboulhamid 
Dkpartement d'infomtique et recherche op&rationnelle, universitt! de Montnfal 

CP 6128, Centre vitle, H3C-3J7, PQ, Canada 

Abstract-In this paper, we study the memory allocation problem in data-path synthesis. 

We propose a new register organization called circular FIFO as an alternative to register 

file organization and as an extension of queues. In comparison with register file 

organization, FIFO organization eliminates the overhead of address generation, decoding 

hardware, and the extra access delay. The memory allocation problem, based on the 

circular FIFO organization, has been solved efficiently using constraint logic and interval 

constraint programming. Case studies, much more complex than the existing high level 

synthesis benchmarks, have been solved in less than 3 minutes. 

4.1. Introduction 

A common approach to behavioral synthesis involves data-flow graph scheduling, 

functional unit allocation, interconnection and memory allocation. Memory allocation 

maps constants and variables of a data-flow graph to storage elements (e.g., ROM, 

registers, register files). Both storage elements and their control part occupy a significant 

portion of the chip area. Therefore, it is important to minimize the number of storage 

elements and to organize them in such a way that control, address generation and 

decoding hardware are reduced. This is the goal of the work presented in this paper. 

Conventional memory allocation approaches pEM94, GAJ92, MIC921 can be 

classified into two categories. In the fint category, variables are mapped to registers based 

on a lifetime analysis of variables. The lifetime interval of a variable is the time interval 

between its fmt value assignment and its last use. Multiple variables can share the same 



register if their lifetime intervals do not overlap with one another. Lifetime analysis 

approaches aim to minimize the number of registers but not the control hardware. These 

approaches are effective only when the number of registers is small, otherwise the number 

of interconnections and multiplexers become very large and the hardware architecture 

becomes very irregular. In the second category, variables are mapped to registers which 

are then grouped into register fdes (or multiport memories) based on disjoint access time. 

Registers can be grouped in the same register file if they are not accessed simultaneously. 

Register file organization is profitable only if the number and the size of register fdes are 

small: a large number on register fdes not only adds more address generation and 

decoding hardware, but also leads to longer access delay due to the decoding circuits and 

long data driving lines. Recently, Aloqeely [AL094] has proposed the use of sequencers 

as an alternative to register fdes. Queue and stack are examples of sequencers. However, 

his approach has some limitations: fmt, except queues, sequencers are costly in 

implementation and, therefore, they cannot be used in a large number; second, the 

alIocation method is suitable only for regular iterative applications where the access 

patterns of variables are highly regular and uniform, e.g., most variables have the same 

lifetime duration. 

In this paper, we propose a new register organization, called circular FIFO, as an 

alternative to separated register organization and register file organization, and as an 

extension of queues [AL094].A circular FIFO is a row of shift registers where the output 

of a register is connected to the input of the following one, and the output of the rightmost 

register is optionally connected to the input of the lefunost register. A circular mo is 
shown in Figure 4.1 The leftmost register (Q) and the rightmost register (RM-*) are called 

the head and the tail of the FIFO, respectively. Data enters the FIFO from the head and is 

visible only at the tail. When a data item is inserted in the FIFO head all registers are 

shifted. The circularity in the FIFO adds more flexibility to data access capability: it 

allows multi-access to the same data, and it removes the fmt-in fmt-out constraint on 

data, since a data item can be reinjected in the head once it reaches the tail. Separated 

register organization is a special case of the FIFO organization where each FIFO contains 



only one register. 

tail head 

Figure 4.1 Circular FIFO. 

By grouping registers into FIFOs, we reduce the number of control signals. Moreover, 

the use of FIFO structures may reduce the number of storage registers, since variables are 

not constrained to be kept in the same registers during all their lifetime. Comparing with 

file registers, circular FFOs  do not need memory address decoding hardware, and hence 

they do not suffer from decoding delays, which grow proportionally with the size of a 

register file. Figure 4.2 shows the register file based architecture and the FIFO based 

architecture. In the FIFO based architecture register fdes may still be used, but in a 

reduced number. 

To resolve the FIFO allocation problem, we used CLP-BNR [BNR93], a constraint 

logic programming (CLP) language, based on prolog augmented with relational interval 

arithmetic. CLP-BNR provides a unified framework to express and solve dynamically a 

set of constraints over reds, integers and booleans using interval narrowing techniques. 

The organization of the paper is as follows. Section 4.2 defines the FIFO allocation 

problem. Section 4.3 presents an overview of the interval constraint paradigm, then a 

formulation of the FIFO allocation problem using interval constraints. Section 4.4 

describes how handle the case of iterative behaviors. Experimental results are presented 

in section 4.5. 



Figure 4.2 (a) Register file based architecture (b) FIFO based architecture 

4.2. Problem definition 

A circular FIFO is defmed by a set of shift registers (Ro, R I ,  . . ., RM - , ), where Ri is 

connected to Ri + , for i = 0, . . ., M - 2, and RY - I is co~mected to Ro. A Circular FIFO 

is controlled by three operations: 

- Insert (q):  insertion of a variable labelled vi in the FIFO header. After an insertion 

all registers of the FIFO are right shifted and the data item in the FIFO tail is lost. 

- Sh*: right shift all registers. 

- Rotate: it is equivalent to Insert (content of the tail). 

During a control-step, at most one control-operation can be performed on the FIFO. 

A variable vi is defined by its write-time and its read-time(s), fixed by the scheduling task. 

vi should be inserted in a FIFO at Write-time, , and it should be available in the FIFO tail 

at each &ad-time,', for j = 1, .. ., n, . The Lifetime interral of vj is equal 

to [write-time,, ~ e a d - t i r n e i n i ]  . 
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Figure 4.3 Illustration of the functioning of the circular FIFO 

The example in Figure 4.3 illustrates the functioning of the circular FIFO. We observe 

that the circularity in the FIFO allows multi-access to a same variable (e.g., y), and it 

removes the first-in first-out constraint (e-g., v3 enters the FIFO before v4 and leaves after 



v4). Notice that the FIFO size should always be greater than the maximal number of 

variables dive at the same time, and smaller than 
I  end-time, - Wrire-time, + 1 . otherwise some variables will not have enough 1 

time to traverse the FIFO from the header to the tail. 

A control sequence of a circular FIFO is a sequence of control operations (insert, 

rotate, s M ,  no operation). A control sequence is valid for a set of variables, if it 

guarantees that each variable in the set is inserted in the FIFO at its writing time, and it is 

available in the tail at its reading time(s). It may happen that, no valid control sequence 

exists for a set of variables, i.e., variables in this set cannot be mapped into a same FIFO. 

Now we can define the two problems related to allocating variables to circular FEOs. 

The single-FIFO allocation problem: Given a set of variables V = ( vi} , defined 

by their write-time and read-times, can these variables be mapped to a same 

circular FIFO? If they can, what is the minimum size of such a FIFO? 

The multi-FIFO allocation problem: Given a set of variables V = { vi) , defined 

by their write-time and read-time(s), fmd a mapping from V to circular FIFOs that 

optimizes the number of FIFOs and the total number of registers. 

We suspect that the single-FIFO allocation problem is NP-complete. We solve it 

exactly using CLP and interval constraint paradigms. The multi-FIFO allocation problem 

is NP-hard. A heuristic approach is taken to resolve it. It is based on iterative resolutions 

of the single-FIFO allocation problem. The following steps summarize this heuristic 

(developed also using the same CLP environment): 

- The set of variables Vis  divided into disjoint clusters (subsets) Cl such that: (I) 

variables in the same cluster do not have either the same writing-times nor the 

same reading-times, (2) if two variables vi and vj belong to a same cluster and the 

writing-time of vj is greater than the writingtime of V i  then the reading-time of vj 

is greater than the reading-time of vi, (3) in each cluster Cl, the maximal number 

of variables in Cl aIive at the same time is smaller than or equal to the minimal 

live-time among all variables in Cl. These criteria increase the likelihood of 

mapping successfully al l  variables in a cluster to the same circular FIFO. 



- For each cluster, check if it can be mapped to the same circular FIFO using the 

exact resolution of the single-FIFO problem. If not, the variables causing the 

faiIure are removed &om the c m n t  cluster and are redistributed on other clusters 

if possible. New clusters are added if necessary. This process is repeated until all 

the clusters are mapped to some feasible circular FIFOs. - 

- The last step is to reduce the number of clusters, i.e., the number of circular 

FIFOs. Repetitively, we pick the cluster containing the minimal number of 

variables, then we try to redistribute all its variables on the other clusters. We 

check if a variable can be added into a cluster by solving the single-FIFO problem. 

This process is repeated until all the clusters are considered. 

4.3. Formulation of the single-fifo allocation problem using interval 
constraints 

4.3.1. A brief overview of the interval constraint paradigm rM0079, 
BNR931 

CLP-BNR is a constraint logic programming system based on relation interval 

arithmetic. The use of interval arithmetic allows reasoning about domains of variables 

rather than fixed values. An interval is a dosed bounded set of numbers, it defines either 

a continuous range of real numbers laying between a lower and an upper bound or a 

discrete range of integer values laying between integer bounds. The two endpoints of an 

interval X are denoted by X and Y . Thus, X = [x m. Two intervals are equal if their 

corresponding endpoints are equal. 

Operations on intervals can be either the basic arithmetic operations defined on the reds 

(+, -, *, I, min, max, sin, cos. etc.), or arithmetic relations (equaIity , inequality, inclusion, 

etc.). In the following, we give the semantic of some of these operations. 

Arithmetic operations 

[&XI + rEP1 = E + r : X + P ]  
-x = - [ X , x - j  = [-X,-a = {-x I X E  X} 



Arithmetic relations 

The equality constraint between two intervals X and Y, denoted X == Y,  is true if the 

X and Y  can be constrained to be equal by narrowing (reducing) X andlor Y. 

For example, if X = [ 2 , 5 ]  and Y = [4,8] , then X == Y is. true since both X and 

Y can be reduced to the same interval [4,5] . If X = [2,5] and Y = [6,8] , then 

X == Y is false. 

The less than or equal constraint between an interval X and an interval Y, denoted by 

X 5 Y, is true if the interval X can be constrained to an interval 2 where each element 

of Z is less than or equal to an element of Y. 

For example, if X = (2, 151 and Y = [ 6 , 8 ]  , then X 5 Y  is true because X can be 

reduced to the interval [2,8] which is less than or equal the interval Y. If 

X = [ 9 , 1 5 ]  and Y = [ 6 , 8 ]  , t h e n X S Y  is false. 

4.3.2. Formulation of the single- FIFO allocation problem 

The formulation of the single-FIFO allocation problem is based on the successive 

states of the FIFO during the execution of a control sequence (sequence of shift. insert and 

rotate operation). If we label the shift registers composing a circular FlFO from 0 to M- 1 ,  

then a FIFO state can be defined by the set of variables inside the FIFO and their position. 

The distance fiom a variable vi to a variable v,, denote by Dis? (q, v,), is defined as 

following: 

Dist (v, ,  vj) = (pos (vj) - pos ( v i )  ) mod M 

where pos (vi) is the vi position inside the FIFO. 

Example: 

Dist (v,, v,) = (3 - 1 )  mod 5 = 2 ,  Dist (v,, v,) = (0 - 1) mod 5 = 4 



Based on the distance definition, we have: 

Dist (v ,  v,) E [0, M - 11 , V v ,  vj , where M is the FIFO size 

Dist ( v ,  vi) = 0, Vvi 

Dist ( v ,  v,) = M - Dist (v,, vi) , Vvi # v, 

Dist (v, vj) = (Dist  (vi, VJ + Dist (v* v,) ) modulo M, Vv, # v, + v, 

Notice that, due to the last equality, the distance is still defmed even between variables 

which are not in the FIFO at the same time (i.e., variables which are not alive at the same 

time). Thus, the distance values between pairs of variables are sufficient to capture all the 

successive states taken by FIFO during the execution of a control sequence. It can be 

proven that finding a valid control sequence for a set of variables is equivalent to finding 

feasible distance values among variables. 

To state the constraints which a distance between two variables should satisfy, we 

distinguish four cases depending on the precedence order between their write and read 

operations. These cases are shown in Figure 4.4. 

I : write-time 
-- : read-time 

Figure 4.4 The four precedence orders between write and read operations 



Case 1 : two successive write operations 

Dist (v,, v,) should satisfy: 

D ist ( vj, v,) S Write-time, - Write-time, 

because between the insertion-time of v, and the insertion-time of v, into the FIFO 

the maximal number of control operations (shift, insert, rotate) that can be done is 

equal to ( Write-time, - Write-timei - 1 ) . 

Case 2: two successive read operations 

Dist (v,, v,) should satisfy: 
k I 

Dist (v,, vi) < Read-time, - Read-time, 

This constraint guarantees that, after the reading-time of vi there are still enough 

control-steps to propagate v, until the FIFO tail. 

Case 3 : write operation followed by read operation 

Dist (v,, vi) should satisfy: 

k 
Dist (v,, v,) < Read-time, - Write-time, + 1 

This constraint guarantees that, after the writing-time of vi there are still enough 

control-steps to propagate vj until the FIFO tail. 

Case 4: read operation followed by write operation 

Dist (v,, v,) should satisfy: 

I 
Dist (v j ,  v,) 9 Write-time, - Read-time, - 1 , otherwise 

1 If Write-timej = Read-time, , then the constraint states that when vj is inserted in the 

FIFO header v, should be in the tail; otherwise it states that between the reading-time 

of vi and the writing-time of vj in the FIFO the maximum number of shift and rotate 

1 ) .  operations that can be done is equal to (Write-timei - Read-timei - 

Figure 4.5 shows the set of distance constraints for the example used in Figure 4.3. 



: write-time 
a : read-time 
0 : last read-time 

Figure 4.5 The set of distance constraints for the example used in Figure 4.3 

Now we give the complete formulation of the single-FIFO allocation problem using 

the relational interval arithmetic: 

Minimize the FIFO size M under: 

(4 M E [M-min, M - m ]  

where M-min is the maximum number of variables alive at the same time, and 
I M-max = Min ( lend-timei - W&-time, + 1 )  

' i  

( c )  Dist ( v ,  v,) E 10, M - 11 , V v i  # v, and v ,  vj are not alive at the same time 

(4 Dist (v ,  v j )  == (M - Dist (v,, v,) ) , Vv, # vj 

(el Dist (v, ,  v,) == (Dis  t ( v ,  v t )  + Dist (vk,  v,) ) modulo M, V v ,  # vj # v, 

cfl Dist (v ,  v,) l cf 



Constraint (a) defmes the possible values of the FIFO size. Constraint (b) states that 

variables which are alive at the same time cannot share the same registers into the FIFO: 

their distances should be greater than zero. Constraiots (c), (d) and (e) express the 

distance's properties. (f) is the set of distance constraints between variables that should be 

satisfied, as discussed previously in cases (1) to (4). It is important to mention that all 

these constraints are directly expressible in CLP-BNR. 

4.4. Case of iterative behaviors 

Now we consider variables which appear in iterative behaviors like infdte loop. We 

will use an example to explain how to handle this case. 

Figures 4.6.a and 4.6.b show, respectively, the behavior of the polynomial divider 

benchmark and its cyclic precedence graph. The integer edge weight H (oi + oj)  means 

that the data produced by operation oi in any iteration k of the loop will be used by 

operation oj in iteration (k + H (ai -t 0,) ). We assume that only one adder and one 

multiplier are available. Figure 4.6.c shows the variables' Lifetimes obtained after 

scheduling the operations of the cyclic precedence graph. A second representation of 

variables' lifetimes, called circular representation, is shown in Figure 4.7.a. The perimeter 

of the circle is equal to the initiation interval value which is in this example equal to five. 

Variables that have lifetimes greater than the initiation interval should be split. For 
1 2 

example, the variable vd has a lifetime equal to six. it is split into vd and vd with 

lifetimes, respectively, of five and one. Now based on the circular representation, the 

distance constraints between variables' positions inside the FIFO can be specified as in 

the previous section (cases 1 to 4). 

Figure 4.7.b shows the final implementation of the polynomial divider benchmark 

using the FIFO structure. 



initiation interval 

Figure 4.6 A polynomial divider (a) Its behavior (b) The cyclic precedence graph 
(c)~ariables' lifetimes. 



Figure 4.7 (a) Circular representation of variables' lifetimes (b) An implementation of 
the polynomial divider. 



4.5. Implementation and experimental results 

We present in Tables 4.1 and 4.2 experimental results obtained using the proposed 

circular FIFO allocation approach. Table 4.1 summarizes the results of four benchmarks 

frequently used by the high-level synthesis community. All benchmarks are scheduled 

using one adder and one multiplier. The second column of Table 4.1 indicates the minimal 

number of registers necessary to hold variables and constants. This number corresponds 

to the maximal number of variables and constants alive at the same time. The third column 

corresponds to the number of circular FIFOs obtained using our allocation approach. The 

total number of registers used in the fmd design is indicated in the fourth column. We 

observe that the number of registers used is always optimal, and that these registers are 

grouped in a small number of FIFOs, which reduces considerably the control signals. To 

evaluate the efficiency of our approach in general case, we have used random examples, 

which are more complex than usual high level synthesis benchmarks. The results are 

given in Table 4.2. For each example, we generate a set of variables with random lifetime 

intervals, then we perform the FIFO allocation algorithm. Our results are quite interesting. 

First, the number of circular FIFO (third column) is very small compared to the minimal 

number of registers (second column), in average each FIFO contains five to six registers. 

Second, the total number of registers used (fourth column) exceeds the optimum by 3 

registers at most. We have performed the Aloqeely's allocation method [AL094] on the 

same random examples, the number of queues returned is on average equal to the number 

of registers, i.e., most queues contain only one register and hence there is no gain 

compared to the separated register organization. This result is not surprising, since 

Aloqeely's approach assumes that most variables have the same lifetime durations, which 

is not the case for the randomly generated examples. 

The low CPU times taken to solve the relatively large random examples (up to 100 

variables) reflect the solving power of the interval constraint paradigm. By expressing the 

constraints of the problem over interval-valued variables rather then over integer 

variables, we have noted that the interval narrowing resolution technique reduces 

considerably the resolution time by identifying and removing invalid solution spaces. 



Table 4.1 : Benchmark results 

# of CPU time 
# # of FIFOS registers Benchmark of registers 

(sec.) 
used 

-- -- 

IIR filter 20 5 20 10 

FIR filter 15 3 15 7 

Polynomial 15 3 15 7 
divider 

Three order 7 2 7 2 
filter 

Table 4.2: Experimental results using random examples 

# of CPU time 
# of Minimal# #ofFIFOs registers (sec.) 

variables of registers used 



Table 4.2: Experimental results using random examples 

# of # of Minimal # # of FFOs registem CPU time 

variables of registers (=-1 
used 

4.6. Conclusions 

We presented a new regular register organization, circular FIFO, as an alternative to 

separated register organization and to register file organization. Grouping registers into 

circular FIFOs reduces the control hardware without increasing very much the number of 

storage elements. In comparison with register file organization. FIFO organization 

eliminates the overhead of address generation, decoding hardware and the extra access 

delay. The efficiency of the approach was tested on benchmarks and on complex random 

examples. Using a complex practical problem like the FIFO allocation problem, we found 

that the constraint logic programming based on relational interval constraint is a very 

promising paradigm for solving other CAD problems. 



Chapitre 5. 

Conclusion 

5.1. R6surn6 des contributions 

Nous nous somrnes interesse dam cette thhe des problemes lies B l'automatisation 

du processus de synthese de haut-niveau ( S m  de circuits numdriques. Nous avons 

present6 un ensemble de m6thodes algorithmiques qui servent i tvaluer la performance 

de differentes rt5alisations au niveau transfert de registres d'un circuit. Ces mdthodes 

permettent de calculer des bornes inferieures et supt5rieures sur la performance que peut 

atteindre un circuit &ant domees des contraintes sur les ressources mat6rielIes. Elies se 

basent sur des techniques d'ordonnancement, telles que la relaxation des contraintes et le 

"pipeline", et d'analyse du graphe de contr6le et de flot de donnees ( G O )  modelisant 

le comportement du circuit. Nous avons d'abord considCr6 des GCFDs contenant un seul 

niveau de contr6le (les boucles infhies dans les circuits iteratifs). Par la suite, nous avons 

considkr6 des GCFDs ayant de structures plus complexes telIes que les boucles 

irnbriqukes et les branchements conditiomels. 

Nous avons montr6 que tous les algorithmes que nous avons d6velopp6 ont une faible 

complexit6 en temps de calcul. Nous avons aussi reduit la complexit6 de I'algorithme 

propose par Rim et a1 [RIM941 pour determiner une borne supkieure sur la performance 

d'un circuit sous des contraintes de ressources. La faible complexit6 des algorithmes 

d'estimation est nhessaire en pratique, puisque ces algorithmes vont &re ex6cutds 

plusieurs fois au cows de I'exploration de I'espace de r6alisations. 

Une caracttristique de ces rn6thodes algorithmiques est la facilit6 de leur intbgration 

dam des syst&mes de synthhe industriels. En effet, le mod& de CGFD sur lequel se base 



ces mkthodes est le mod5le standard (ou presque) utilid pour representer le 

comportement des circuits oriends traitement de donnees. Nous avons d6j2 intkg1-6 un 

prototype de ces rndthodes dam le syst2me de synthese SIRKASTLE [CAM961 

d6velopp6 par m e  autre Cquipe de recherche. Evidement, une utilisation pratique et 

eEcace de ces mCthodes d'estimation necessite leur adaptation aux types d'applications 

et de circuits adressks. Cependant, les techniques de base pdsent6es restent les mgmes. 

En plus de l'estimation de la performance, les mkthodes de calcul de bomes 

hf&ieures et sup6rieures peuvent &e utilisees pour dhelopper des algorithmes 

d'ordomancement exacts ou heuristiques. Par exemple, l'utilisation des bomes 

inferieures est immkdiate dans un algorithme d'ordomancement de type "branch and 

bound". 

Dans cette Wse,  nous avons present6 aussi une approche efficace pour r6soudre le 

probWme d'allocation de registres post5 par la SHN des circuits dkdies 3 des applications 

sp6cifiques. Cette approche se base sur une nouvelle organisation de registres sous formes 

de files circulaires et s'adapte en particulier aux circuits iteratifs. Les dsultats 

exp&imentaux ont montni qu'une telle organisation permet de rauire le nombre de 

registres dans le circuit tout en simplifiant la structure du chemins de dombes. En 

r6solvant efficacement un probPme aussi complexe que I'allocation des files circulaires 

aux variables, nous avons montd que la programmation avec contraintes logiques et B 

arithmetique des intervalles est un paradigme assez prometteur pour la r6solution de 

certains problhes d'optimisation dam le domaine de CAO. Les deux principaux 

avantages de ce paradigme sont: la facilit6 de d6crire certains probl5mes d'optimisation 

en utilisant l'arithm&ique des intervalles, et la puissance du prockdb de r6solution bas6 

sur le r6tr6cissement tQx5tit.f des intervalles. 

Cette thkse a aussi contribut 2 la comprihension des dkfis et des probl5mes poses par 

la synth5se de haut-niveau et en particulier par la synth5se des circuits dalisant des 

traiternen ts itbratifs. 



5.2. Avenues de recherche 

Plusieurs avenues de recherche peuvent s'ouvrir cornme suite logique de ce travail. 

Nous les identifions ci-dessous. 

Les mbthodes d'estimation que nous avons ddvelopp6es permettent de calculer des 

bornes infkrieures et sup6rieures sur la performance d'un circuit sous des contraintes de 

ressources. Une suite de ce travail serait de d6velopper des methodes pour 6soudre le pro- 

blkme dual: determiner des bornes inf6rieures et sugrieures sur les ressources sous des 

contraintes de performance. Dans le cas particulier ob Ie comportement du circuit ne con- 

tient pas des branchements conditionnels, nos methodes s'adaptent facilement pour resou- 

dre le problbme dual. Par contre dans le cas general, d'autres techniques doivent &re 

dbvelop@es. 

Comme nous I'avons d6jjl dit dam la section preddente, les mCthodes de calcul des 

bornes infkrieures et sup6rieures sur la performance peuvent &re utiliskes pour 

developper des algorithmes d'ordo~ancement exacts ou heuristiques. En particulier des 

algorithrnes d'ordomancement de type pipeline, qui posent un grand dCfi dam la synthtse 

des circuits iteratifs dt5dies P des applications de traitements d'images et de signaux. 

Bien que nous avons apportb des so1utions satisfaisantes au probltme de calcul des 

bornes inferieures et supdrieures sur la performance, ce problhe  se prete encore i des 

am6liorations: la pricision des bomes peuvent Ctre ameliorbe et/ou la complexit6 des 

algorithmes peut ttre reduite. 

L'approche d'organiser Ies registres sous forrne de files circulaires parait trks 

prometteuse. Rappelons que les dew crithes que nous avons optimist5 durant l'allocation 

des files circulaires aux variables sont le aombre de files circulaires et le nombre total de 

registres dam ces files. Or les mouvernents de domees (dkcalage et rotation) dam les files 

augmentent la consommation d'bnergie. La prernikre suite de ce travail serait de 

reformuler le probltme d'allocation des fde circulaires en incluant le critkre 

d'optimisation du nombre de mouvements de dondes dans le files, puis de rksoudre ce 

problhe. La deuxi5me suite de ce travail serait de developper des algorithrnes 



d'allocation qui combine les deux types d'organisation: les files circulaires et les banques 

de registres. 
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